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ABSTRACT
Railway ballast forms a major component of a conventional rail track and is used to
distribute the load to the subgrade, providing a smooth running surface for the train.
Currently, high speed (frequency) and heavy haul trains are increasing the loads
experienced by the ballast layer. This research aims to investigate the densification
and degradation behaviour of ballast under high frequency cyclic loading. Laboratory
experiments were conducted using large-scale cyclic triaxial equipment to assist in
the understanding of ballast deformation and degradation under high frequency
loading. Furthermore, the Discrete Element Method (DEM) was employed to study
the ballast behaviour from a particulate approach. Finally, a cyclic densification
model was proposed as an extension of a previous monotonic loading model
developed by Salim and Indraratna (2004). The model was calibrated and validated
using laboratory and published data.

That there is an increase in load on the ballast layer due to the increase in train speed
has been widely accepted. However, past cyclic laboratory experiments conducted at
various frequencies have shown that there is little effect of the change in frequency
(speed) on the densification of granular material. Unless the magnitude of the load is
also changed with change in frequency during triaxial tests, the effect of frequency
cannot be observed clearly. This shortcoming was overcome in this study by
increasing the amplitude of cyclic loading with corresponding increase in frequency.
The ballast contact pressures (loading amplitude) were calculated based on the wellknown empirical relationship proposed by Esveld (2001).

In this research, a series of drained cyclic triaxial tests were conducted at various
frequencies and confining pressures using the large-scale cyclic triaxial apparatus.
The experimental results revealed that both the densification and breakage of ballast
increase with the increase in frequency and number of cycles. However, there is a
range of frequency (20 Hz≤ f ≤ 30 Hz) where cyclic densification occurs without
any significant particle breakage. Moreover, the resilient modulus of the ballast was
found to increase with the increasing number of cycles and confining pressures,
while it was found to decrease with the increasing frequency. Furthermore, it was
iii

observed that the ballast layer requires a certain confinement to operate a train at
high speed efficiently. An empirical approach was devised to calculate the required
confining pressure and resilient modulus of the ballast layer for a desired level of
axial strain (vertical deformation) for a given train speed.

A DEM-based commercially available program, Particle Flow Code in 2-Dimensions
(PFC2D), was used to investigate the ballast behaviour at the particulate
(micromechanics) level. 2-D projections of real ballast particles were modelled to
create various shapes and sizes of ballast particles, and to represent adequate
angularity. These created particles were treated as breakable and unbreakable in
order to study the effect of particle breakage on cyclic densification and to explore
the breakage mechanism. As PFC2D does not have the capability to apply real-time
cyclic loading, a new subroutine was developed to apply the cyclic loading so that
the effect of loading frequency could also be investigated.

The DEM simulation results revealed that particle breakage is a governing aspect of
the actual behaviour of granular material. Unbreakable particles underestimated the
densification of the sample, while breakable particles simulated the densification of
the sample very close to that observed during laboratory tests. Initial rapid
deformation observed in case of breakable particles is higher than that observed in
the case of unbreakable particles. Higher initial deformation during breakable
particles can be attributed to particle breakage. Moreover, the DEM results
confirmed that the particles break under tension and the breakage is mainly oriented
and concentrated in the direction of particle movement. In addition, a direct
relationship between maximum particle displacement and bond breakage was also
observed.

As cyclic loading is a very complex phenomenon, a semi-empirical approach was
adopted. A non-associated flow rule was used and modified based on the
experimental observations that captured particle breakage. The model is based on a
critical state framework and has been calibrated and validated using cyclic triaxial
experiments conducted in this study, as well as data reported in published literature.
The model represents ballast behaviour under a wide range of stress conditions.
iv
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1 INTRODUCTION
1. 1

General Background

A railway track system is an important part of any country’s transportation
infrastructure, and plays a significant role in sustaining a healthy economy (Selig and
Waters 1994). Australian Railways play a vital role in its economy by transporting
freight and bulk commodities between major cities and ports, in addition to carrying
passengers around urban areas. Currently, there is more than 43,000 km of broad,
narrow, standard and dual gauge ballasted rail tracks (Figure 1.1) in Australia.
Railways have to be very competitive against other means of transportation such as
bus, cars, aircrafts, and ships. This requires higher train velocities, larger transport
capacity and lower energy consumption during transport, greater traveller comfort,
better safety levels and lower maintenance costs (Suiker 2002).

Figure 1.1 Australia’s Railway Network (adopted from Salim 2004)
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A very large portion of the annual railway budget goes into track maintenance to
sustain the railway track system. In the past, more attention has been given to the
track superstructure consisting of the rails, the fasteners and the sleepers, and less
attention to the substructure consisting of the ballast, the subballast and the subgrade.
However, the maintenance cost is mainly influenced by the sub-structure (Selig and
Waters 1994). For instance, millions of dollars were spent in quarrying 800,000
tonnes of coarse aggregates for maintaining ballast profile in New South Wales
(NSW) alone (Lackenby 2006) and over 12 million dollars was spent in purchasing
ballast to maintain rail tracks in Australia (Indraratna et al. 1997).

1. 2

Statement of the Problem

Heavier cyclic loading on the existing tracks is inevitable due to an increased
demand for freight transport from the mining and agriculture industries and for
greater public transport via trains due to the increased fuel costs. This loading has
caused progressive deterioration and densification of ballast (Figure 1.2) leading to
loss of track geometry and differential track settlement. Consequently, the tracks
require frequent maintenance (Figures 1.3). The maintenance of ballasted track
requires an increased volume of quarried fresh aggregates that results in further
degradation of the environment.

Figure 1.2 Degradation of ballast before maintenance at Bulli section, New South
Wales (NSW)
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Figure 1.3 Track maintenance being carried out at Bulli Section in NSW

On the other hand, the requirement of high speed trains is increasing day by day and
their performance relies heavily on the dynamic interaction behaviour of the vehiclesupport system. Ballast’s primary functions are to support and distribute the track
loading to the underlying subgrade as uniformly and widely as possible in order to
provide stable and stiff long-term embankment support, and good drainage for
railways. Popp et al. (2005) reported that even today, the dynamic processes inside
the ballast layer are not understood in detail, however, railway companies have faced
enormous maintenance costs caused by ballast degradation over the last few years
and it appears to be increasing.

Until now, very limited fundamental research has been carried out to understand the
potential mechanisms of cyclic densification of coarse granular material like ballast
under different train speeds. For instance, the effect of train speed has not been
considered in various models such as empirical models (Alva-Hurtado and Selig
1981; Stewart 1986; Lekarp and Dawson 1998), discrete element models (Cundall
and Strack 1979; Harireche and McDowell 2003; Lobo-Guerrero and Vallejo 2006),
cyclic densification models (Suiker and de Borst 2003; Tatsuoka et al. 2003; Khalili
et al. 2005; Blazquez and Lopez-Querol 2006), micro-mechanical models (Chang et
al. 1992a; Chang et al. 1992b; Nemat-Nasser and Zhang 2002), shakedown models
(Collins and Boulbibane 2000; Werkmeister et al. 2005), breakage models (Salim
and Indraratna 2004; Indraratna et al. 2005) etc. presented in the literatures.
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The degradation mechanisms of ballast under various loading frequencies have also
not been investigated properly. There is a lack of constitutive model which
incorporates the effects of train speed (frequency) and particle breakage under heavy
haul train loading. Unless the mechanism of cyclic densification of ballast is
comprehensively understood, the design of safe, economic and long-lasting track
support systems with an enhanced capacity to cater for faster trains in the future will
not be viable. Therefore, it is imperative to study the degradation behaviour of ballast
under various frequencies and to develop a more comprehensive cyclic densification
model which can be used by practicing engineers to predict more accurately the life
cycle costs of ballast within an operational railway.

1. 3

Objectives and Scope of the Research

The primary objective of this research is to investigate the densification and
degradation behaviour of ballast under various train speeds (frequency of cyclic
loading) at low confining pressures both in the laboratory and numerically using
discrete element method (DEM). In addition, the DEM will be used to investigate the
mechanism of ballast breakage and densification under cyclic loading. Secondly, the
research will endeavour to advance the current state of theoretical and analytical
methods used to analyse the track support system, particularly emphasizing on the
particle breakage and plastic deformation of ballast during cyclic loading. Within the
scope of this research, only one type of ballast will be tested under drained condition.
Mainly the mechanical degradation of ballast will be taken into account, and the
effects of natural degradation will not be considered.

The specific objectives of this research are:

1. To investigate the effect of train speed (in the range of 60-300 km/h) on ballast
breakage (degradation), densification (axial and volumetric strain) and resilient
deformation (resilient modulus) in the laboratory using large-scale cyclic
triaxial equipment at an optimum confining pressure of 60 kPa. An optimum
confining pressure of 60 kPa was selected based on Lackenby et al. (2007).
They reported that the ballast exhibits less breakage in the Optimum
Degradation Zone (ODZ), which ranges between 50-90 kPa for a cyclic
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deviatoric stress of 500 kPa. In ODZ, 60 kPa is the point of contraflexure at
which least degradation of ballast was observed.

2. To find minimal lateral confining pressure required to run the train at a
particular speed (frequency) under limiting track deformation.

3. To understand the behaviour of ballast at micro-scale using angular ballast
particles of various shapes and sizes in the Discrete Element Method (DEM).

4. To develop a constitutive model for cyclic loading conditions and calibrate the
model with the experimental data from laboratory and published literatures.

5. To validate the proposed model in 4 above with independent set of
experimental data from this study and published literatures.

1. 4

Thesis Outline

This thesis contains seven chapters including this Introduction. The organisation of
the subsequent chapters is outlined below.

Chapter 2 presents the literature review giving an overview of the state of the art of
ballast behaviour under cyclic loading. A description of the track components,
functions of ballast, forces generated on the ballast layer and factors influencing the
ballast behaviour under cyclic loading conditions have also been provided.

Chapter 3 describes the details of large-scale cyclic triaxial equipment, material
selection, details of cyclic loading tests, methods of analysing laboratory data to
investigate the effect of frequency on cyclic densification, resilient modulus and the
degradation of ballast.

Chapter 4 provides the results of the laboratory investigations. It explains the ballast
behaviour at various frequencies and confining pressures in terms of cyclic
densification, resilient modulus, and breakage. The outcomes of painting of ballast
particle have been explored. In addition, empirical relationships have been proposed
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to find ballast densification at various frequencies and confining pressures. Also a
relationship between resilient modulus and final axial strain has been devised.

Chapter 5 presents some background of the Discrete Element Modelling (DEM). It
details the ballast particle modelling for DEM simulations and sample preparation for
numerical experiments. DEM simulation of ballast using Particle Flow Code in 2Dimensions (PFC2D) under cyclic loading has been described. Effects of the
frequency and confining pressure on ballast behaviour have been simulated and the
results compared with experimental data. The chapter also presents the effects of
particle breakage on the behaviour of ballast during cyclic loading. Also, mechanism
of ballast breakage has been explored.

In Chapter 6, background of ballast modelling has been discussed followed by a
development of cyclic densification model. Finally, the model predictions have been
verified with the laboratory data collected in this research and from published
literature.

Chapter 7 summarises the major conclusions of this research and also presents
suggestions for future research. A list of references is presented after this chapter
followed by appendices which contains the ballast contact pressure calculation at
various train speed and the solution of partial differential equations respectively.

1. 5

Chapter Summary

This chapter highlighted the background of the research, problem identification,
objectives and scope of the research followed by outline of the thesis chapters.

6

2 LITERATURE REVIEW
2. 1

Introduction

A railway consists of two parts: superstructure and substructure. The railway tracks
and sleepers are termed as superstructure and the components beneath the sleepers
are called the substructure. Substructure generally comprises of ballast, subballast
and subgrade. Geotechnical engineers are mainly interested in dealing with these
substructure materials. In the past, the materials beneath the sleepers were not
considered important but when it was realized that the maintenance of these
materials was very costly, the railway industry and the universities started doing
research on optimizing the materials’ life cycle. Among these components, ballast is
required to be maintained more frequently, thus representing the majority of the
maintenance costs. As this research is mainly focused on understanding ballast
behaviour under railway environment, this chapter presents a general overview of
literatures on railway components, functions of ballast and its requirements, loading
conditions and factors affecting cyclic densification followed by fouling of ballast.

2. 2

Railway Components

A railway track comprises a superstructure and a substructure as its major
components. The superstructure is composed of the rails, the fastening system and
the sleepers, while the substructure consists of the ballast, the subballast and the
subgrade (Figures 2.1a & b). The rail is the fundamental load-bearing component of
the track. Their main functions are to direct the rolling stock and distribute the wheel
loads of the train down to the sleeper, the ballast and the underlying ground. The
fastening system connects the rails to the sleeper and its main function is to ensure
effective bond between the rail and the sleeper.

The sleeper is the component whose function is to preserve the track geometry and
transfer the rail pressure to the ballast and underlying soil. Ballast, which is usually
composed of the crib, top, bottom, and shoulder ballast (Figure 2.1b), is the
foundation for laying the sleeper and its basic functions are to increase the elasticity
and the resistance against the movement of the track components, facilitate drainage,
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and assist in maintaining the track geometry. Subballast is the layer between the
ballast and the subgrade and its main functions are to reduce the train induced
stresses on the subgrade and to prevent the penetration of ballast into the subgrade.
The subgrade is the foundation of the track and directly influences the proper
working of the entire track. Functions and characteristics of ballast, subballast, and
subgrade are discussed next.

a

b

Figure 2.1 Railway Structure Components: (a) in longitudinal direction and (b)
lateral direction (adopted from Selig and Waters 1994)
2.2.1

Ballast

As shown in Figures 2.1a & b, ballast is the crushed granular material placed at the
top layer of the substructure in which the sleepers are embedded. Ballast usually
comprises of blasted rocks originating from high quality igneous, metamorphic or
well cemented sedimentary rock quarries and has a minimum thickness beneath the
sleepers of usually between 250 - 350 mm (Indraratna and Salim 2005). Ideal ballast
8

materials are angular, crushed hard rocks, and uniformly graded, free of dust and dirt,
and not prone to cementing action (Selig and Waters 1994). However, due to the lack
of universal agreement concerning the specifications for the ballast material index
characteristics; availability and economic considerations are the major factors
considered for its selection.

Functions of Ballast
Many researchers (Jeffs and Marich 1987; Jeffs 1989; Selig and Waters 1994;
Indraratna et al. 1998; Ionescu et al. 1998; Indraratna and Salim 2005) have
documented the functions of ballast. Ideally, the ballast should perform the following
functions (Indraratna and Salim 2005):
•

Provide a stable load-bearing platform and support the sleepers uniformly

•

Transmit high imposed stress at the sleeper/ballast interface to the subgrade
layer at a reduced and acceptable stress level

•

Provide acceptable stability to the sleepers against vertical, longitudinal and
lateral forces generated by typical train speeds

•

Provide sufficient dynamic resiliency for the entire track

•

Provide adequate resistance against crushing, attrition, bio-chemical, and
mechanical degradation and weathering

•

Provide minimal plastic deformation to the track structure during typical
maintenance cycles

•

Provide sufficient permeability for drainage

•

Facilitate maintenance operations

•

Inhibit weed growth by reducing fouling

•

Absorb noise and provide adequate electrical resistance

Properties of Ballast
Ballast should meet certain characteristics such as particle size, shape, gradation,
surface roughness, particle density, bulk density, strength, durability, hardness,
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toughness, resistance to attrition and weathering for fulfilling above mentioned task
properly. Various standards and specifications are available throughout the world for
ballast. In general, ballast particles must be angular, uniformly graded, strong, tough
and durable under the anticipated train loadings and environmental conditions. Table
2.1 summarises the ballast specifications in Australia (Standards Australia 1996),
USA (Gaskin and Raymond 1976), Canada (Gaskin and Raymond 1976; Raymond
1985), and UK (Lim 2004) and Table 2.2 provides the gradation of ballast to be used
in the track in accordance with Standards Australia (1996).

Table 2.1 Ballast Specifications in Australia, USA, Canada, and UK
Ballast Property

Australia

USA

Canada

UK

< 25%

-

-

<22%

Los Angeles Abrasion

< 25%

< 40%

< 20%

<20%

Flakiness Index

< 30%

-

-

<35%

Misshapen Particles

< 30%

-

< 25%

-

-

< 10%

< 5%

-

-

N/A

< 10%

-

Soft and Friable Pieces

-

< 5%

< 5%

-

Fines (< No. 200 sieve)

-

< 1%

< 1%

-

Clay Lumps

-

< 0.5%

< 0.5%

-

> 1200 kg/m3

> 1120 kg/m3

-

-

> 2.5

-

> 2.6

-

Aggregate Crushing
Value

Sodium Sulphate
Soundness
Magnesium Sulphate
Soundness

Bulk Unit Weight
Particle Specific Gravity

2.2.2

Subballast

Subballast is a layer of aggregates placed between ballast and the subgrade (Selig
and Waters 1994). Usually the subballast comprises of well-graded crushed rock or
sand/gravel mixtures and performs the following functions (Indraratna and Salim
2005):
•

Transmits and distributes stresses from the ballast layer down to the subgrade

•

Prevents penetration of coarse ballast grains into the subgrade layer

•

Prevents upward migration of subgrade particles (fines) into the ballast layer

•

Acts as a filter and separating layer in the track substructure
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•

Provides drainage of water

Table 2.2 Ballast Size and Gradation (Standards Australia 1996)
% Passing by Weight
Sieve Size (mm)
(Nominal Ballast Size = 60 mm)
63.0

100

53.0

85-100

37.5

20-65

26.5

0-20

19.0

0-5

13.2

0-2

9.50

-

4.75

0-1

1.18

-

0.075

0-1

Filter criteria governs the design of the subballast layer to some extent. Therefore, it
is usually made of widely graded materials where the empirical filter design methods
govern its particle size distribution. In absence of subballast or poorly designed
subballast, subgrade clay and silt size particles get mixed with ground/infiltrated
water to form a slurry, which is pumped up to the ballast layer under cyclic loading
(clay pumping). In low lying coastal areas of Australia and many other parts of the
world, ballast fouling by clay pumping is commonly observed during and after heavy
rainfall (Indraratna and Salim 2005). Use of geosynthetics in track substructure
prevents or minimises the potential for clay pumping to occur (Indraratna et al.
2006).
2.2.3

Subgrade

The subgrade is the platform upon which the track structure is constructed (Selig and
Waters 1994). It may be naturally deposited soil or specially placed fill material, e.g.
rail embankments. The subgrade must be stiff and have sufficient bearing capacity to
resist train induced stresses at the subballast/subgrade interface (Indraratna and Salim
2005). Instability or failure of subgrade will result in an unacceptable distortion of
track geometry and alignment, even with excellent ballast and subballast layers. If a
track is to be constructed on soft soil, the subgrade needs to be stabilised by one of
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the several ground improvement techniques such as: installation of prefabricated
vertical drains (PVD), lime-cement columns, deep cement/lime grouting, vibratory
(pneumatic) compaction amongst other technique (Indraratna and Salim 2005).

2. 3

Track Forces

It’s very important to understand the type and magnitude of the forces that the track
substructure has to withstand to maintain functionality of the railway. The train
forces imposed on the ballast layer can be mainly divided into vertical, lateral, and
longitudinal components. Vertical forces are the main imposed forces acting on the
ballast, and are relatively easy to quantify while the lateral and longitudinal forces
are very difficult to predict (Selig and Waters 1994).
2.3.1

Vertical Forces

Loads perpendicular to the plane of rails are called vertical forces (Figure 2.2). The
vertical force is a combination of static and dynamic loads. The static load combines
the dead weight of the train and the weight of superstructure (i.e. the weight of the
rails, the fastening system and the sleepers).

Dynamic load depends on the track, train characteristics, operating conditions, and
environmental conditions. Esveld (2001) classified vertical wheel load on a rail into
two groups: quasi-static load and dynamic load with the quasi-static load composed
of three components. These loads can be given as:

Qtotal = Qquasi − static + Qdynamic

(2.1)

Qquasi − static = Qstatic + Qcentrifugal + Qwind

(2.2)

where Q static = static wheel load = half of static axle load, Q centrifugal = increase in
wheel load on the outer rail in curves due to non-compensated centrifugal force,
Q wind = increase in wheel load due to wind, Q dynamic = dynamic wheel load
component resulting from sprung mass, unsprung mass, corrugations, welds, wheel
flats etc.
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Figure 2.2 Typical wheel load distribution in the track structure (adopted from Selig
and Waters 1994)

Esveld (2001) proposed the following expressions for the centrifugal and wind forces
by considering the limit equilibrium of the forces acting on a vehicle (Figure 2.3).

Qcentrifugal + Qwind = G

hd =

pc hd
p
+ Hw w
2
s
s

(2.3)

sV 2
−h
gR

(2.4)

where G = weight of vehicle per axle, H w = cross wind force, s = track width, V =
speed, g = acceleration due to gravity, R = radius of curved track, h = cant (or
superelevation), p c = distance between centre of rails and centre of gravity of
vehicle, and p w = vertical distance of resultant wind force from centre of rails.
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Figure 2.3 Quasi-static vehicle forces on a curve track (adopted from Esveld 2001)

Q dynamic is the most uncertain part of the wheel load and is usually estimated by
multiplying the static wheel load by a dynamic amplification factor (Esveld 2001).
Jeffs and Tew (1991) summarised the major factors affecting the magnitude of
dynamic load component as:
•

Static wheel load

•

Wheel diameter

•

Train unsprung mass

•

Train velocity

•

Track construction

•

Train and track condition (including track joints, track geometry and track
modulus)

In general, the design vertical wheel load is expressed empirically as a function of
the static wheel load (Jeffs and Tew 1991) as:

Pd = φPs

(2.5)
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where P d = design wheel load (kN) incorporating dynamic effects, φ = dimensionless
impact factor typically >1.0, and P s = static wheel load (kN)
Several empirical formulae have been used by different railway organisations for
determining the dynamic impact factor (φ). Jeffs and Tew (1991) presented a method
of determining the impact factor based on the Office of Research and Experiments
(ORE) of the International Union of Railways. In this method, the impact factor is
made entirely based on the measured track forces of locomotives (ORE 1970). This
impact factor is defined in terms of dimensionless speed coefficients α′, β′ and γ′,
and is given by:

φ = 1+α′ + β′ + γ ′

(2.6)

where α′ and β′ are related to the mean value of the impact factor, and γ′ is related to
the track condition.
The coefficient α′ depends on train suspension, track irregularities, and train
velocity. It is difficult to correlate α′ with track irregularities, however, it was found
that a lower bound solution can be obtained as a cubic function of train velocity, and
is empirically expressed as:

 V 
α ′ = 0.04

 100 

3

(2.7)

where V = train velocity (km/hour)

β′ considers the effect of wheel load shift around curves and may be expressed by
either Equation 2.8 or 2.9 (ORE 1970).

β′ =

2d .h
G2

(2.8)
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β′ =

V 2 (2h + c ) 2c.h
− 2
127 Rg
G

(2.9)

where G = horizontal distance between rail centrelines (m), h = vertical distance
from rail top to vehicle centre of mass (m), d = superelevation deficiency (m), c =
superelevation (m), g = acceleration due to gravity (m/sec2), R = radius of curve (m),
and V = vehicle speed (km/hour).

γ′ depends on the track condition (e.g. age, hanging sleepers etc.), vehicle speed,
vehicle design, and maintenance condition of the locomotives. It was found that γ′
increases with the speed, and can be approximated by the following expression:

 V 
γ ′ = 0.10 + 0.017

 100 

3

(2.10)

Li and Selig (1998) proposed the following simple expression for the computation of
design wheel load based on the recommendation by American Railway Engineering
Association (AREA):

 0.0052V
Pd = 1 +
DW



 Ps


(2.11)

where P d = design wheel load, P s = static wheel load, D w = diameter of the wheel
(m), and V = train velocity (km/hour).
Esveld (2001) proposed the following expression to estimate vertical stress on ballast
based on Zimmermann’s theory.

σ max = σ mean (1 + ts ) ≤ σ
σ mean =

(2.12)

Qa
2 LA

(2.13)
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where σ max = maximum compressive stress exerted on the ballast bed (N/mm2), σ mean
= mean value of compressive stress exerted on the ballast bed (N/mm2), Q =
effective wheel load (N), a = sleeper spacing (m), L = characteristic length (m), A =
contact area between sleeper and ballast bed for half sleeper (m2), t = increment
factor, s = variation coefficients and σ = permissible stress on the ballast bed
directly beneath the sleeper.
Effective wheel load (Q), Characteristic length (L) and velocity factor (φ) are given
by the following expressions:

Q = k1Qo

L=4

k2 =

(2.14)

4 EI
k2

(2.15)

CA
a

φ = 1+

(2.16)

V − 60
for V > 60 km/h
140

(2.17)

where, Q o = nominal wheel load (N), k 1 = 1.1-1.3; takes account of increase in wheel
load in curves because of cant deficiency or excess, k 2 = foundation coefficient
(N/m2), C = foundation modulus (N/m3), E = modulus of elasticity of steel rail
(N/m2), I = moment of inertia of steel rail (m4), and V = train velocity (km/h).
2.3.2

Lateral Forces

Forces that are parallel to the long axis of the sleepers are called lateral forces and
the main sources of these forces are lateral wheel force and buckling reaction force
(Selig and Waters 1994). The lateral wheel forces are initiated by the lateral force
component of friction between wheel and rail, plus the lateral force applied by the
wheel flange on the rail. Buckling reaction forces in the lateral direction are
developed due to the high compressive stresses caused by the high rail temperature
changes.
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Indraratna and Salim (2005) summarised the method to find lateral force in curved
track based on the Office of Research and Experiments (ORE 1970) as:

PH = 35 +

7400
R

(2.18)

where P H = lateral force at curved track (kN), and R = radius of curve (m).
2.3.3

Longitudinal Forces

Longitudinal forces are parallel to the rails and are caused by the following sources
(Selig and Waters 1994):
•

Locomotive traction force including forces required to accelerate the train

•

Braking force from the locomotive and cars

•

Thermal expansion and contraction of rails, and

•

Rail wave action

2. 4

Ballast Behaviour under Repeated Loading

The behaviour of ballast under repeated loading conditions is nonlinear, stress-state
dependent, and very different from the behaviour of the ballast under static loading
condition (Selig and Waters 1994). The ballast shows a strong tendency to densify,
even if the applied stress level is close to the static failure strength of the ballast
under cyclic loading (Suiker et al. 2005). During the first loading of ballast, the strain
develops rapidly and is partially recovered upon unloading and each additional cycle
contributes another increment of plastic or permanent strains and the magnitude of
the plastic strain increment generally decreases with the increasing number of cycles
(Selig and Waters 1994). When repetitive loads are applied, the effect of load history
appears as a result of gradual material stiffening by each load application, causing a
reduction in the permanent strains during subsequent loading cycles. The growth of
permanent deformation in granular materials under repeated loading is a gradual
process during which each load application contributes a small increment to the
accumulation of strain (Lekarp et al. 2000b). A number of researchers (Olowokere
1975; Knutson 1976; Raymond and Williams 1978; Alva-Hurtado 1980; Stewart
1982; Brown and Selig 1991; Suiker 2002; Indraratna and Salim 2003; Suiker and de
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Borst 2003; Salim 2004; Suiker et al. 2005; Lackenby 2006) conducted cyclic triaxial
tests on railway ballast and reported that the amount of strain found at the end of first
cycle was large and then decreasing for subsequent cycles for constant amplitude of
loading and confining pressure. Indraratna and Salim (2003) also reported that the
width of loading-unloading loop was greatest in the first cycle and decreased with
subsequent cycles until the loading curve eventually coincided with the
corresponding unloading curve.

Jeffs and Marich (1987) conducted a series of cyclic load tests on ballast and
indicated a rapid increase in settlement initially, followed by a stabilised zone with a
linear increase in settlement as shown in Figure 2.4. They also noticed a sudden
increase in the rate of settlement in the stabilised (post-compaction) zone, which they
described a ‘re-compaction’ of ballast. They attributed this to the failure of particle
contact points within the ballast bed causing a sudden increase in settlement rate. The
effect of re-compaction was noticed for about 100,000 load cycles after which the
rate of settlement became almost constant.
40
1st Phase - Compaction

35
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Figure 2.4 Settlement of Ballast under Cyclic Load (adopted from Jeffs and Marich,
1987).

Ionescu et al. (1998) conducted a series of true triaxial tests on latite ballast and
concluded that the behaviour of ballast is highly non-linear under cyclic loading.
They also reported a rapid increase in the initial settlement (similar to Jeffs and
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Marich, 1987) during the first 20,000 load cycles, followed by a consolidation stage
up to about 100,000 cycles. Ionescu et al. (1998) indicated that the ballast bed
stabilised during this first 100,000 load cycles, after which settlement increased at a
decreasing rate.
2.4.1

Cyclic Densification and Mechanism

Settlement of a soil under cyclic or vibratory loading is termed as cyclic densification
and is mainly governed by rearrangement and breakage of particles (Lambe and
Whitman 1969). Therefore, cyclic densification and permanent deformation have
been used synonymously in this thesis. However, a typical transportation vehicle
loading such as highway truck, airplane, train is in fact more of a repeated loading
with rest periods existing between the load cycles. Accordingly, permanent
deformation can also accumulate in the ballast or any other constructed
transportation facility containing geomaterial/asphalt layer due to a discontinuous
shaped load pulse with certain rest periods between the load cycles.

Piccolroaz et al. (2006) divided the mechanism of densification of ceramic powder in
three phases: (I) granule sliding and rearrangement, (II) granule deformation, and
(III) granule densification under increasing monotonic load. Particle crushing as a
mechanism of densification became evident after Bolton (1986). Tokue (1976)
conducted vertical vibration tests with a rigid mould as well as dynamic and cyclic
simple shear tests to investigate the characteristics and mechanism of densification.
He pointed out that the densification of sand is caused by only geometric changes of
skeleton of sand grains in the first step and then as a result, rearrangement of sand
grains in a more stable state of skeleton under both gravity and static stresses.
Blazquez and Lopez-Querol (2006) proposed the following mathematical relations to
find densification of sand under cyclic loading:

ξ = 4 Nγ max

(2.19)

n
ζ = Nγ max

(2.20)

εv = −

1

α

ln (1 + αζ )

(2.21)
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where ξ is the rearrangement measure, ζ is the densification measure, N is the
number of cycles of shear strain loading, γ max is the maximum amplitude of shear
strain, ε v is the densification, and α and n are the parameters which depend upon
number of cycles and relative density of sand. This densification law is valid only for
small frequency range under earthquake condition.

Suiker and de Borst (2003) proposed a ‘Cyclic Densification Model’ to simulate the
cyclic deterioration of railway tracks in an elasto-plastic framework. In their model,
they considered the mechanism of frictional sliding and volumetric compaction of
ballast and subballast under cyclic loading. They divided the stress domain into four
response regime (Figure 2.5):
1. The shakedown regime, in which the cyclic response of the ballast is fully
elastic
2. The cyclic densification regime, in which the ballast undergoes progressive
plastic deformation under cyclic loading
3. The frictional failure regime, in which frictional collapse occurs as the cyclic
load level exceeds the static peak strength of the ballast, and
4. The tensile failure regime, in which the ballast disintegrates due to
incapability of sustaining induced tensile stresses.

Figure 2.5 Four response regimes during cyclic loading (adopted from Suiker and de
Borst 2003)
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Although the cyclic densification model (Suiker and de Borst 2003) captured the
mechanism of frictional sliding and volumetric compaction, it ignored the effect of
breakage and train speed.
2.4.2

Factors Affecting Cyclic Densification of Ballast

There are numerous factors, which govern the cyclic densification of ballast. Lekarp
et al. (2000b) summarized the state of the art for the permanent strain response of
unbound aggregates very well. Moreover, Indraratna and Salim (2005) explained the
various factors, which affect the ballast behaviour under static and cyclic loading
conditions. Among various factors, important parameters such as: grading i.e.
particle size distribution, particle shape, loading amplitude, frequency, stress history,
number of cycles, moisture content, confining pressure, degree of compaction, parent
rock strength, and particle breakage will be discussed in subsequent paragraphs.

Effect of Particle Size Distribution (PSD)
Dunlap (1966) reported that the permanent strain will decrease if a change in grading
produces an increase in relative density of the specimen for the same compactive
effort. Thom and Brown (1988) conducted research on the effect of grading on
plastic strain and found that it varies with compaction level as shown in Figure 2.6.
Moreover, he concluded that for the uncompacted specimens, the permanent strain
was least with uniform grading; however, the resistance to plastic strain was similar
for all gradings when the specimens were compacted heavily.

Raymond and Diyaljee (1979) observed that the larger size ballast with a uniform
grading generated higher plastic strains than small-sized uniform ballast. However,
smaller aggregates showed less deformation under smaller cyclic loads. These
specimens failed immediately after increasing the load amplitude from 140 kPa to
210 kPa. On the other hand, the larger ballast continued to resist cyclic loading
without any sign of failure even after increasing the load amplitude from 140 kPa to
210 kPa. Janardhanam and Desai (1983) conducted true triaxial test on three different
materials: one with the grain size distribution of an ordinary ballast material and two
scaled down materials. Based on their observations, they reported that the resilient
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modulus and shear behaviour were dependent on particle size, and that the
volumetric behaviour was significantly affected.

Figure 2.6 Effect of grading and compaction on plastic strain (adopted from Thom
and Brown 1988)

Effects of Particle Shape
The studies for the effect of the shape of the particle on permanent deformation are
found very scarce. Jeffs and Marich (1987), and Jeffs (1989) reported that the
angular aggregates produced less settlement than rounded aggregates. Selig and
Waters (1994) explained the influence of increased flakiness in terms of increased
permanent strain accumulation under repeated load, increased abrasion, increased
breakage, and decreased stiffness. Moreover, they recommended the need for further
study in this regard. Barksdale and Itany (1989) studied the effect of aggregate shape
and surface characteristics on rutting in pavement and found that a blade-shaped
crushed aggregate is slightly more susceptible to rutting than other types of crushed
aggregates. Furthermore, they observed that the cube-shaped, rounded river gravel
with smooth surface was much more susceptible to rutting than crushed aggregates.

Effects of Loading Amplitude
The amplitude of loading is one of the most important factors affecting the
permanent deformation of ballast under dynamic loading. Morgan (1966) showed
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clearly that accumulation of permanent strain was directly related to the deviator
stress and inversely related to the confining pressure.

Figure 2.7 Effect of loading amplitude on permanent strain due to repeated loading
(adopted from Olowokere 1975)

Lekarp et al. (2000b) reported after a thorough literature review that the permanent
deformation in granular material is principally governed by stress ratio consisting of
both deviatoric and confining pressures. Olowokere (1975) found that for a given
material and a given density, increasing the stress difference factor (defined as the
ratio of deviatoric stress applied in repeated loading to the deviatoric stress at failure)
results in increased permanent deformation as shown in Figure 2.7.

Knutson (1976) concluded that an increase in stress ratio (repeated deviator load
divided by confining pressure) resulted in additional permanent deformation for
limestone ballast samples (Figure 2.8).
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Figure 2.8 Effect of stress level on permanent deformation response of low density
limestone (adopted from Knutson 1976)

Alva-Hurtado (1980) reported from repeated load compression testing of compacted
and uncompacted granite ballast that for a given degree of compaction, and a given
number of load applications, the stress ratio (Δq/q f ) defined same as that of
Olowokere (1975) was the controlling parameter for the development of permanent
strain as well as confining pressure.

Stewart (1982) carried out a series of triaxial staged tests by varying the loading
amplitudes at every 1000 cycles at three different confining pressures and has drawn
the following conclusions:
 For a given effective cell pressure, the permanent strain at the first cycle
increased as the applied vertical deviator stress increased.
 For a given applied vertical deviator stress, the permanent strain at the first
cycle decreased as the effective confining pressure increased.
 When the deviator stresses were increased to values greater than any past
maximum values, the permanent strain continued to increase.
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 When the deviator stresses were reduced to values less than any past
maximum values, negligible changes in permanent strain resulted with
additional cycling.
 Partial unloading resulted in negligible increase in permanent strains with
cycles.
 For any given effective confining pressure, the sequence of applied stresses
did not affect the final values of permanent strain so long as the total number
of cycles at each stress level was held constant.

Suiker et al. (2005) reported the effect of cyclic load on ballast behaviour. They used
load amplitude as relative cyclic stress which is ratio of (q/p) cyc to (q/p) stat,max and
denoted as n. They observed that at lower cyclic stress levels, n < 0.82, the
permanent deformation rate at 1,000,000 load cycles became negligibly small or
almost elastic (Figure 2.9).

Figure 2.9 Effect of cyclic stress level on ballast strain (adopted from Suiker et al.
2005)

Recently, Lackenby et al. (2007) reported that the axial strain increased with the
increase in amplitude of loading and number of cycles based on cyclic triaxial tests
on latite basalt with variable amplitudes of loading at various confining pressure.
Moreover, they observed that the axial strain almost ceased after 10,000 cycles
which they defined as shakedown level for latite basalt (Figure 2.10).
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Figure 2.10 Effect of loading amplitude on ballast axial strain behaviour (adopted
from Lackenby et al. 2007)

Effects of Loading Frequency
High-speed trains are increasing day by day. Therefore, it is very important to know
the effect of train speed and loading frequency on the permanent deformation
behaviour of ballast. Shenton (1975) studied the effect of loading frequency by
varying the frequency from 0.1 to 30 Hz while maintaining other variables such as
confining pressure, loading amplitude constant. He reported that the frequency of
loading does not influence the deformation behaviour of ballast significantly (Figure
2.11). However, he suggested that these findings should not be confused with the
track behaviour, where increased train speed increases the dynamic forces and
imparts greater stresses on the ballast.
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Figure 2.11 Effect of loading frequency on ballast strains (adopted from Shenton
1975)

Luo et al. (1996) used FEM to find dynamic behaviour of railway ballast under
different vehicle speeds. They concluded that there exist three different regions for
ballast settlement: (a) the low speed region (<180 km/hr) where the displacement of
the ballast does not change significantly with increasing vehicle speed, (b) the
intermediate speed region (180-300 km/hr) where the displacements increases more
rapidly with vehicle speed, and (c) the high speed region (>300 km/hr) where this
increase is somewhat attenuated (Figure 2.12).
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Figure 2.12 Response of displacement (maximum value) (adopted from Luo et al.
1996)
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Kemfert and Hu (1999) carried out in-situ measurements of dynamic forces in track
induced by train speed up to 400 km/hr. They reported that the vertical stress induced
by speed up to 150 km/hr is insignificant which agrees with the conclusion drawn by
Shenton (1975). But the measured data have shown that there is a linear increase in
dynamic stress when speed increases from 150km/hr to about 300 km/hr (Figure
2.13). Again, the dynamic stress becomes insignificant, when speed increases from
300 km/hr to 400 km/hr. This finding is consistent with the FEM results reported by
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Figure 2.13 Effect of train-speed on dynamic stress (adopted from Kemfert and Hu
1999)

Effects of Load History
Drucker et al. (1957) were the first who recognized the influence of loading history
on soil. They explained the volume change behaviour of clays during loading,
unloading, and reloading in a consolidation test with the help of their work-hardening
theories and have proposed the possible yield surfaces for consolidation. Brown and
Hyde (1975) and Knutson (1976) showed that the permanent deformation behaviour
is dependent on the load application sequence or stress history (Figure 2.14 and
Figure 2.15). The total permanent deformation was less when a specimen was
subjected to gradually increasing stress levels than when the highest stress level was
applied first.
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Figure 2.14 Effects of stress sequence on permanent strain response (adopted from
Brown and Hyde 1975)

Alva-Hurtado (1980) explained that when the specimen is unloaded and reloaded to
the previous stress level, theoretically only elastic deformation will occur. However,
this is not true in practice where the permanent deformation accumulates with
loading. If, after several repeated loading cycles, the specimen is subjected to a
deviator stress greater than that previously experienced, the stress strain curve will
continue in the direction of original curve (Figure 2.15). Lekarp et al. (2000b)
explained that when repetitive loads are applied, the effect of load history appears as
a result of gradual material stiffening by each load application, causing a reduction in
the permanent strains during subsequent loading cycles.

Diyaljee (1987) carried out a series of laboratory cyclic tests to investigate the effects
of stress history on the ballast behaviour and concluded that the plastic deformation
decreases significantly if the maximum deviator stress in previous stress history is
more than fifty percent of the current applied cyclic deviatoric stress. However, a
previous stress history of less than fifty percent of the currently applied cyclic
deviator stress does not contribute to plastic deformation. Similar findings were
reported by Office of Research and Experiments, ORE (1974).
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Figure 2.15 Schematic of repeated loading response for triaxial compression
(adopted from Knutson 1976)

Effects of Number of Cycle
Growth of the permanent deformation in granular materials under repeated loading is
a gradual process during which each load application contributes a small increment
to the accumulation of strain (Lekarp et al. 2000b). A number of researchers
(Olowokere 1975; Knutson 1976; Raymond and Williams 1978; Alva-Hurtado 1980;
Stewart 1982; Brown and Selig 1991; Suiker 2002; Indraratna and Salim 2003;
Suiker and de Borst 2003; Salim 2004; Suiker et al. 2005; Lackenby 2006; Lackenby
et al. 2007) carried out cyclic triaxial test on railway ballast and reported that the
amount of strain found at the end of first cycle was large and then decreasing for
subsequent cycles for constant amplitude of loading and confining pressure.
Indraratna and Salim (2003) reported that the width of loading-unloading loop is also
greatest in the first cycle and decreases with subsequent cycles until the loading
curves eventually coincide with the corresponding unloading curve. Similar
conclusion was made by Raymond and Williams (1978) (Figure 2.16).

Raymond and Williams (1978) and others further reported that the rate of decrease of
plastic strain with increasing number of cycles stabilizes after several cycles, which
is called shakedown level (Suiker 2002; Suiker and de Borst 2003; Lackenby 2006).
This shakedown level is different for different ballast type. Raymond and Williams
(1978) reported that the shakedown level for Coteau dolomite ballast as 100,000
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cycles whereas Lackenby et al. (2007) reported shakedown limit for latite ballast as
10,000 cycles as shown earlier in Figure 2.10.

Figure 2.16 Stress-strain-volume change behaviour for triaxial repeated loading of
Coteau Dolomite ballast (adopted from Raymond and Williams 1978)

Effects of Moisture Content
The studies about the influence of moisture content on cyclic densification of ballast
are few. Indraratna et al. (1997) conducted one-dimensional compression tests to
investigate the effects of the saturation on the deformation and degradation of ballast.
They noticed that the ballast settlement increased suddenly by 2.6 mm when it was
flooded all of a sudden. Moreover, they reported that the settlement was increasing
with time under saturated conditions. They concluded that saturation increased
ballast settlement by 40% of that of dry ballast.

Selig and Waters (1994) reported that the portion of ballast sometimes can be dry
while generally ballast, and always subballast and subgrade contain some amount of
moisture. Subballast and subgrade perform best under repeated load when they are in
a state of partial saturation. However, excess substructure water, when it creates a
saturated state causes, pore pressure increase under cyclic load, which causes
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increase in plastic strain accumulation, decrease in stiffness, and decrease in strength.
Thom and Brown (1987) reported that a relatively small increase in water content
can trigger a dramatic increase in permanent strain rate. Figure 2.17 illustrates the
significant effect of saturation on permanent strain in granular materials.

Figure 2.17 Influence of drainage on permanent deformation development (adopted
from Lekarp et al. 200b)

Lekarp et al. (2000b) carried out extensive literature review for permanent
deformation of unbound granular materials for pavement. They concluded from the
findings of various researchers (Haynes and Yoder 1963; Barksdale 1972; Maree et
al. 1982; Thom and Brown 1987; Dawson et al. 1996) that the combination of a high
degree of saturation and low permeability, leads to excess pore pressure, low
effective stress, and consequently low stiffness and low deformation resistance. The
total permanent axial strain was found to increase by more than 100% as the degree
of saturation increased from 60% to 80% (Haynes and Yoder 1963). Barksdale
(1972) observed that the permanent axial strain in soaked sample is 68% greater than
the axial strain in the sample tested in partially saturated condition.

Effects of Confining Pressure
Several researchers (Barksdale 1972; Knutson 1976; Alva-Hurtado 1980; Lackenby
2006; Lackenby et al. 2007) carried out cyclic loading test on railway ballast to
investigate the influence of confining pressure on permanent deformation behaviour
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of ballast. Barksdale (1972) reported that the permanent deformation decreased
significantly as the confining pressure increased for a given deviator stress. The rate
of accumulation of permanent deformation at low repeated deviator stress is
proportional to the number of load applications, but at deviator stresses above a
critical value, the rate of permanent deformation accumulation increased with
increasing number of load applications as illustrated in Figure 2.18.

Figure 2.18 Influence of Number of load application and magnitude of deviator stress
on permanent deformation (adopted from Barksdale 1972)

Olowokere (1975) carried out triaxial tests on Coteau dolomite ballast and concluded
that for a given stress difference factor for a given material with a given density, the
permanent deformation increases with increasing confining pressure. Knutson (1976)
concluded that the plastic strain accumulation is not solely a function of the repeated
deviator stress but also of the confining pressure. Alva-Hurtado (1980) observed that
for moderate to high stress ratios, the confining pressure has an effect in the
development of permanent strain but at low stress ratios, the effect of confining
pressure is not noticeable.

Recently, Lackenby et al. (2007) conducted large-scale cyclic triaxial tests to study
cyclic behaviour of Latite basalt under various confining pressure and concluded that
the magnitude of vertical strain is inversely proportional to the confining pressure,
directly proportional to deviatoric cyclic load and number of cycles until shakedown
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occurs as illustrated in Figure 2.10 and Figure 2.19. Their findings are consistent
with the findings by Barksdale (1972).

Figure 2.19 Effect of confining pressure on final axial strain (adopted from Lackenby
et al. 2007)

Effects of Degree of Compaction
Effects of degree of compaction to permanent deformation under cyclic loading have
been widely studied (ORE 1970; Barksdale 1972; Allen 1973; Knutson 1976; AlvaHurtado 1980; Thom and Brown 1988; Selig and Waters 1994). ORE (1970)
reported that the permanent deformation is proportional to the initial porosity and is
thus inversely proportional to the initial density. Barksdale (1972) observed the
behaviour of several granular materials and reported that when the material was
compacted at 95% instead of 100% of maximum compactive density, an average of
185% more axial strain was found. Allen (1973) reported that when the specimen
density was increased from Proctor to modified Proctor, 80% reduction in total
plastic strain in crushed limestone and 22% reduction in gravels were obtained.
Knuston (1976), after conducting cyclic loading test on different ballast materials,
reported that the degree of compaction was the most important factor among others
which influenced the permanent deformation behaviour of ballast under repeated
loading (Figure 2.20).
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Figure 2.20 Effect of density on permanent deformation response of limestone ballast
(adopted from Knutson 1976)

Alva-Hurtado (1980) carried out cyclic triaxial test on compacted and uncompacted
granite ballast specimens and observed that the uncompacted specimen has
significant permanent strain when compared to compacted specimen. Moreover, he
concluded that the degree of compaction is the most important parameter governing
the permanent deformation behaviour of ballast materials. Selig and Waters (1994)
reported that high plastic strain was obtained when the low density ballast was used.

Effects of Parent Rock Strength
The effect of parent rock strength on cyclic densification of ballast has not been
studied in detail. Indraratna and Salim (2005), and Salim (2004) reported that the
strength of the parent rock is the most important factor directly governing ballast
degradation and settlement. Parent rock contributes to both compressive and tensile
strength. Under the same loading and boundary conditions, weak particles produce
more grain breakage and plastic settlement than stronger particles. Jeffs (1989)
carried out cyclic test on three types of aggregate namely: quartz, basalt, and
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limestone. He found that the settlement at 250,000 cycles in granite was 46 mm
while in basalt was 21 mm and in quartz was 8mm.

Effects of Particle Breakage
Stewart (1982) reported that the breakdown of the ballast particles causes settlement
because of a decrease in volume of the assembly of particles, similar to the effect of
compaction under cyclic loading. Selig and Waters (1994) pointed out that the
particle breakage due to repeated loading causes smaller particles to move into the
voids of larger particles, as a result cyclic densification increases, thus the permanent
deformation.

Indraratna et al. (2005) proposed an empirical relationship (Equation 2.22) between
percentage volumetric strain (ε v ) and ballast breakage index (BBI) for latite ballast in
stabilizing stage i.e. after occurrence of shakedown at 10,000 cycles.
ε v = αeβ(BBI)

(2.22)

where α and β are empirical constants.
2.4.3

Factors Affecting Resilient Behaviour of Ballast

Since 1960, numerous research efforts have been devoted to characterizing the
resilient behaviour of granular materials (Lekarp et al. 2000a). It is well known that
granular layers show a nonlinear and time-dependent elastoplastic response under
traffic loading. To deal with this nonlinearity and to differentiate from the traditional
elasticity theories, the resilient response of granular materials is usually defined by
resilient modulus and Poisson’s ratio (Lekarp et al. 2000a). The resilient modulus is
defined as the repeated deviator stress divided by the recoverable portion of the axial
strain (Figure 2.21). The difference between the maximum strain under peak load
and the permanent strain after unloading for each cycle is the resilient strain or
recoverable strain (Selig and Waters 1994).

The resilient response of railway ballast under cyclic loading is affected by many
factors such as: particle sizes and grading, particles shape and aggregate type,
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loading amplitude, stress history, number of loading cycles, loading frequency,
confining pressure, moisture content, degree of compaction, particle breakage etc.
The main factors that affect the resilient response of ballast are described in the next
paragraphs.

Figure 2.21 Representation of stress-strain curve from a drained triaxial test under
repeated load (adopted from Selig and Waters 1994)

Effect of Particle Size Distribution (PSD)
Ballast consists of a large number of particles, normally of different sizes. Previous
research in this area shows that the stiffness of such material is, to some degree,
dependent on particle size and its distribution. Thom and Brown (1988) studied the
behaviour of crushed limestone at different gradings and concluded that uniformly
graded aggregates were only slightly stiffer than well-graded aggregates. Similar
results were reported by Brown and Selig (1991) and Raad et al. (1992). Knutson and
Thompson (1977) determined that well graded ballast has a slightly higher resilient
modulus than the standard (more uniform) No. 4 and No. 5 ballast gradations. In
contrast to these studies, Janardhanam and Desai (1983); Thompson (1989) and
Sweere (1990) reported that grading influences resilient modulus significantly.
Heydinger et al. (1996) compared the effect of grading on resilient modulus for
limestone, gravel, and slag. Limestone showed higher resilient modulus when opengraded, whereas no trend could be noted for the variation of modulus in gravel. For
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slag, however, the results were the opposite and the denser gradation tended to give
higher stiffness.

Janardhanam and Desai (1983) performed true triaxial tests on railway ballast to
study the effect of particle size on resilient modulus as a function of different
confining pressures. They ascertained that resilient modulus increases with grain
size, and at low confining pressures (< 20 psi), an almost linear relationship exists
between resilient modulus and mean grain size (Figure 2.22).

Figure 2.22 Relationship between resilient modulus and mean grain size (adopted
from Janardhanam and Desai 1983)

Effects of Particle Shape and Aggregate Type
Many researchers (Hicks 1970; Hicks and Monismith 1971; Allen 1973; Allen and
Thompson 1974; Thom and Brown 1988; Barksdale and Itani 1989; Lekarp et al.
2000a) reported that crushed aggregate, having angular to subangular shaped
particles, provides better load spreading properties and a higher resilient modulus
than uncrushed gravel with subrounded or rounded particles. A rough particle surface
is also said to result in a higher resilient modulus. Barksdale and Itani (1989)
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investigated several types of aggregate and observed that the resilient modulus of
rough, angular crushed materials was higher than that of the rounded gravel by a
factor of about 50% at low mean normal stress and about 25% at high mean normal
stress.

Effects of Load History
Studies indicated that stress history have some impact on the resilient behaviour of
granular materials. According to Dehlen (1969), the stress history effects appear as a
consequence of progressive densification and particle rearrangement under repeated
application of stress. Boyce et al. (1976) carried out repeated load triaxial tests on
samples of a well-graded crushed limestone, all compacted to the same density in a
dry state. The results showed that the material was subjected to stress history effects,
but these could be reduced by preloading with a few cycles of the current loading
regime and avoiding high stress ratios in tests for resilient response. Hicks (1970), on
the other hand, reported that the effect of stress history is almost eliminated, and a
steady and stable resilient response is achieved after the application of approximately
100 cycles of the same stress amplitude. Similar observations were reported by Allen
(1973), who suggested that a specimen should be conditioned for approximately
1,000 load repetitions prior to repeated load resilient tests. Other researchers (Brown
and Hyde 1975; Mayhew 1983) reported that resilient characteristics of unbound
granular materials are basically insensitive to stress history, provided the applied
stresses are kept low enough to prevent substantial permanent deformation in the
material. Therefore, large numbers of resilient tests can be carried out sequentially on
the same specimen to determine the resilient parameters of the material.

Effects of Loading Amplitude (Deviator Stress)
Deviator or shear stress (loading amplitude) is said to have much less influence on
material stiffness when compared to confining pressure (Lekarp et al. 2000a). In a
study conducted by Morgan (1966), the resilient modulus was shown to decrease
slightly with increasing repeated deviator stress under constant confinement. Hicks
(1970) suggested that the resilient modulus is practically unaffected by the
magnitude of the deviator stress applied, provided excessive plastic deformation is
not generated. Hicks and Monismith (1971), on the other hand, reported a slight
40

softening of the material at low deviator stress levels and slight stiffening at higher
stress levels. Zeghal (2004) conducted numerical simulations on assemblies of
circular particles and concluded that the magnitude of deviator stress is only
significant at low confining pressure (Figure 2.23).

Figure 2.23 Effect of deviator stress and confining pressure on resilient modulus
(adopted from Zeghal 2004)

In contrast, Khedr (1985) based on repeated load triaxial tests reported that resilient
modulus increases with dynamic deviator stress. His findings were in line with the
conclusions made by Seed et al. (1967) and Allen (1973). Seed et al. (1967) and
Allen (1973) conducted triaxial compression repeated load test and repeated load
triaxial tests to study resilient behaviour of granular materials respectively. Recently,
Lackenby et al. (2007) also reported that the resilient modulus increases with
increase in deviator stress (Figure 2.24) based on cyclic triaxial tests conducted on
latite ballast.

Effects of Number of Cycle
Suiker et al. (2005) and Lackenby et al. (2007) conducted cyclic triaxial tests on
ballast and showed that the application of cyclic loading can lead to a considerable
increase in material stiffness. The resilient modulus generally increases gradually
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with the number of repeated load applications as the material stiffens (Moore et al.
1970; Lackenby et al. 2007) (Figure 2.24). Researchers (Hicks 1970; Shenton 1975;
Alva-Hurtado 1980) reported that ballast behaves in an almost purely resilient
manner and the resilient modulus eventually comes to an approximately constant
value after a certain number of repeated load applications.

Figure 2.24 Resilient modulus M R response under various stress states: (a) effect of
confining pressure σ' 3 and number of cycles N on M R for q max,cyc = 500
kPa; (b) effect of q max,cyc on M R for σ' 3 = 60 and 240 kPa (adopted from
Lackenby et al. 2007)

Effects of Loading Frequency
Many researchers (Seed et al. 1965; Morgan 1966; Hicks 1970; Shenton 1975; Boyce
et al. 1976; Thom and Brown 1987; Lekarp et al. 2000a) reported that the impact of
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load duration and frequency on the resilient behaviour of granular materials is of
little or no significance. For instance, Seed et al. (1965) reported a study in which the
resilient modulus of sands increased only slightly from 160 to 190 MPa as the
duration of load decreased from 20 min to 0.3 sec. Hicks and Monismith (1971)
conducted tests at stress durations of 0.1, 0.15, and 0.25 sec and found no change in
the resilient modulus or Poisson’s ratio.

Effects of Moisture Content
The degree of saturation or moisture content of most untreated granular materials has
been found to affect the resilient response characteristics of the material in both
laboratory and in-situ conditions. It is generally agreed that the resilient response of
dry and most partially saturated granular materials is similar, but as complete
saturation is approached, the resilient behaviour may be affected significantly (Smith
and Nair 1973; Vuong 1992). Many researchers studied the behaviour of granular
materials at high degrees of saturation and reported that resilient modulus decreases
with increasing moisture contents. For example, Haynes and Yoder (1963) observed
a 50% decrease in resilient modulus in gravel as the degree of saturation increased
from 70 to 97%. Hicks and Monismith (1971) showed that the resilient modulus
decreases steadily as the moisture content increases above its optimum value.

Effects of Confining Pressure
Many researchers (Mitry 1964; Monismith et al. 1967; Hicks 1970; Smith and Nair
1973; Uzan 1985; Sweere 1990; Selig and Waters 1994; Lackenby 2006; Lackenby
et al. 2007) showed a very high degree of dependence on confining pressure and sum
of principal stresses for the resilient modulus of untreated granular materials. The
resilient modulus is said to increase considerably with an increase in confining
pressure and sum of principal stresses. Monismith et al. (1967) reported an increase
as great as 500% in resilient modulus for a change in confining pressure from 20 to
200 kPa. An increase of about 50% in resilient modulus was observed by Smith and
Nair (1973) when the sum of principal stresses increased from 70 to 140 kPa.

Recently, Lackenby et al. (2007) reported that the magnitude of resilient modulus
(M r ) increases with the increase in confining pressure under various deviatoric
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stresses (Figure 2.25). Figure 2.25 also shows that for a particular deviatoric stress,
M r increases as both the confining pressure and number of cycles increase.

Figure 2.25 M R responses after 500000 cycles under various deviatoric stresses at
various confining pressures (adopted from Lackenby et al. 2007)

Effects of Degree of Compaction
It has been known for many years that increasing density of a granular material
significantly alters its response to static loading, causing it to become both stiffer and
stronger. However, the effect on resilient stiffness has been less thoroughly studied.
The literature available is somewhat ambiguous regarding the impact of density on
resilient response of granular materials (Lekarp et al. 2000a). Several researchers
(Trollope et al. 1962; Hicks and Monismith 1971; Robinson 1974; Rada and Witczak
1981; Kolisoja 1997) suggested that the resilient modulus generally increases with
increasing density. Trollope et al. (1962) reported slow repeated load tests on a
uniform sand and found that the resilient modulus increased up to 50% between
loose and dense specimens. Robinson (1974) who also studied uniform sand made
similar observations.

The number of particle contacts per particle increases greatly with increased density
resulting from additional compaction of the particulate system. This, in turn,
decreases the average contact stress corresponding to a certain external load. Hence,
the deformation in particle contacts decreases and the resilient modulus increases
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(Kolisoja 1997). On the other hand, Thom and Brown (1988) and Brown and Selig
(1991) stated that the effect of density, or the state of compaction, is relatively
insignificant. Hicks and Monismith (1971) found the effect of density to be greater
for partially crushed than for fully crushed aggregates. The resilient modulus was
reported to increase with relative density for the partially crushed aggregate tested,
whereas it remained almost unchanged when the aggregate was fully crushed. Hicks
and Monismith (1971) further reported that the significance of changes in density
decreased as the fines content of the granular material increased. In the study
conducted by Barksdale and Itani (1989), the resilient modulus increased markedly
with increasing density only at low values of mean normal stress. At high stress
levels, the effect of density was found to be less pronounced. Vuong (1992) reported
test results showing that at densities above the optimum value, the resilient modulus
is not very density-sensitive.

Effects of Particle Breakage
Study of the effect of breakage on resilient modulus of ballast is very scarce in
literature. Recently, Indraratna et al. (2009) reported that the resilient modulus
increases with increase in BBI irrespective of effective confining pressure. However,
Lackenby et al. (2007) reported that the particle breakage has no significant effect on
the magnitude of resilient modulus based on their laboratory findings. They further
clarified that the material used in their study (latite basalt) was relatively stronger in
terms of breakage strength compared to other railway aggregates, and mentioned that
a weaker material may exhibit a reduced resilient modulus associated with largescale particle breakdown. In the event of insignificant (minor) degradation, they
speculated that the measured resilient modulus might be slightly greater than for a
test displaying considerable breakage. They emphasized that the standard laboratory
triaxial tests do not simulate the effects of ballast fouling (caused by breakage and/or
other factors such as clay pumping), which in the long term could bring about a
reduction in the resilience of the ballast and track structure.

2. 5

Ballast Breakage

Many researchers (Marsal 1967; Vesic and Clough 1968; Hardin 1985; Indraratna et
al. 1998; Ueng and Chen 2000; Salim 2004; Indraratna et al. 2005; Indraratna and
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Salim 2005; Lackenby 2006; Lackenby et al. 2007) studied the influence of particle
degradation on the behaviour of granular material. Indraratna et al. (1998) pointed
out that the crushing of particles is an important factor in the behaviour of ballast.
They indicated that the breakage of ballast is related macroscopically to the applied
deviator stress and confining pressure, and microscopically to the excessive contact
stresses generated within the body of angular particles. However, because ballast is
highly inhomogeneous in nature, it is difficult to predict mechanisms of degradation
upon loading. Degradation of granular materials occurs by corner breakage, attrition
of asperities, and splitting of particles into two or more approximately equal parts
(Lees and Kennedy 1975). In case of cyclic loading condition, Indraratna et al.
(2005) highlighted that the pattern of particle breakage could be characterized by
three distinct degradation zones: the dilatant unstable degradation zone (DUDZ), the
optimum degradation zone (ODZ), and the compressive stable degradation zone
(CSDZ). These zones have been defined based on effective confining pressure (σʹ 3 )
acting on the specimen and the level of maximum deviatoric stress (q max ) applied.
2.5.1

Single Particle under Compression

A study of single particle fracture (when compressed between two flat platens)
provides a useful insight to the fundamental mechanisms of particle breakage. Many
researchers (Hobbs 1963; Sammis and Ashby 1986; Singh 1988; Wong et al. 1996;
Eberhardt et al. 1999; Tang et al. 2000; Tang et al. 2001; Fang and Harrison 2002;
Lim et al. 2004; Salim 2004; Lobo-Guerrero and Vallejo 2006) studied particle
fracture strength which depends predominantly on the parent rock strength, grain
geometry, prevalence of flaws, number of loading contacts, and loading direction.
Perhaps the most critical finding in relation to single-rock degradation is related to
fracture initiation. It has been documented that fractures are activated through
existing internal flaws that act as stress concentrators, with the size of the flaw an
important factor in determining the likelihood of breakage. Grady and Kipp (1987)
and Ray et al. (1999) noticed that the rate of loading significantly affected the size of
the fragmented pieces. When strain (loading) rates are slow, only a small number of
flaws or cracks become active, resulting in comparatively larger fragments, but if the
load is applied more rapidly, a greater stress level can be achieved before crack
coalescence occurs, leading to smaller fragments.
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2.5.2

Factors Affecting Ballast Breakage

In general, ballast breakage depends on several factors, including load amplitude,
frequency, number of cycles, aggregate density, grain angularity, confining pressure
and degree of saturation (Indraratna and Salim 2005). However, the most significant
factor governing ballast breakage is the fracture strength of its constituting particles
(Indraratna and Salim 2003). Lee and Farhoomand (1967) indicated that particle size,
angularity, particle size distribution and magnitude of confining pressure affect
particle degradation. They concluded that larger particle size, higher grain angularity
and uniformity in gradation increase particle crushing. Marsal (1967) agreed with
Lee and Farhoomand (1967) with respect to particle breakage, and pointed out
additional key factors such as the average value of contact forces (stresses), strength
of particles at contact points, and the average coordination numbers. Marsal (1967)
also indicated that the presence of micro-fissures in crushed rocks from blasting and
crushing processes is another reason of particle breakage.

Bishop (1966) indicated that at high stress level, particle breakage during shearing is
much higher than during the consolidation stage. Lade et al. (1996) pointed out that
larger grains contain more flaws or defects and have a higher probability of
disintegration. Smaller particles are generally created after fracturing along these
defects. As fracturing continues, the subdivided particles contain fewer defects and
are therefore, less prone to crushing. McDowell and Bolton (1998) reported that the
tensile strength of a single particle decreases as the particle size increases. Lade et
al. (1996) indicated that increasing mineral hardness decreases particle crushing. An
increase in applied macroscopic stress would increase the average induced tensile
stress in a particle; and this leads to a higher probability of particle breakage. For the
same ballast material, more particle breakage is observed when the applied stress
increases (Indraratna et al. 1998).
2.5.3

Quantification of Ballast Breakage

Many researchers (Lee and Farhoomand 1967; Marsal 1967; Marsal 1973; Hardin
1985; Indraratna et al. 2005) attempted to quantify particle breakage upon loading
and proposed their own techniques for computation while others focused primarily
on the probability of particle fracture (McDowell et al. 1996; McDowell and Bolton
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1998; McDowell and Daniell 2001). In most of these techniques, different empirical
indices or parameters were proposed as indicators of particle breakage. All breakage
indices are based on changes in particle size after loading. While some indices are
based on change in a single particle size, others are based on changes in overall
grain-size distribution. Lade et al. (1996) summarised the most widely used breakage
indices for comparison.

Marsal (1967; 1973) and Lee and Farhoomand (1967) were the first, among others,
who developed independent techniques and indices for quantifying particle breakage.
Marsal (1967) noticed significant amount of particle breakage during large-scale
triaxial tests on rockfill materials and proposed an index of particle breakage (B g )
which is defined as the sum of the positive values of ΔWk , expressed as a percentage
(Figure 2.26). Where ΔW k = W ki - W kf . The term Wki represents the percentage of
particles retained on sieve size k before the test and the term Wkf is the percentage of
particles retained on the same sieve size after the test.

This method considers changes in the overall grain-size distribution of aggregates
after the load application. The breakage index B g , has a lower limit of zero indicating
no particle breakage, and has a theoretical upper limit of unity (100%) representing
all particles broken to sizes below the smallest sieve size used.

Lee and Farhoomand (1967) measured the extent of particle breakage while
investigating earth dam filter materials. They primarily investigated the effects of
particle crushing on plugging of dam filters and proposed a breakage indicator
expressing change in a single particle size (15% passing, D 15 ), which is a key
parameter in filter design. Later on, Hardin (1985) defined two different quantities:
the breakage potential B p , and total breakage B t , based on changes in grain-size
distribution, and introduced the relative breakage index B r defined as the ratio of B t
and B p , as an indicator of particle degradation. Hardin’s relative breakage B r , has a
lower limit of zero and an upper limit of 1 (unity). It requires a planimeter or
numerical integration technique for computing B t and B p . Lade et al. (1996)
compares the above methods of particle breakage measurements in a graphical form,
as shown in Figure 2.27.
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Figure 2.26 Computation of Particle Breakage (adopted from Marsal 1973)
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Figure 2.27 Various definitions of particle breakage (adopted from Lade et al. 1996)
Miura and O′Hara (1979) utilised the increase in overall particle surface area ΔS as a
measure of particle crushing for decomposed granite soil. The surface area S of a
granular material is expressed as S = S w × γ d , where γ d is the current dry density of
the specimen being tested (g/cm3) and S w is the specific surface area (cm2/g). The
mean particle diameter d m = (d 1 × d 2 )0.5 is first determined to calculate S w for each
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particle size fraction, where d 1 and d 2 are the diameters of the largest and smallest
particles retained in that fraction. Assuming all the particles are spherical, the
specific surface area S w = SA / (V′ × G s ) is then computed, where SA and V′ are the
surface area and volume of a sphere with diameter d m , respectively, and G s is the
specific gravity of the particles. S w for each fraction is summed to give the specific
surface area for the entire sample and then used to find total surface area S. The
assumption of particle sphericity leads to an underestimation of the surface area;
however, the method does provide a good comparison of the surface area before and
after loading. The error caused by the assumption of particle shape has been
demonstrated to have little effect on the interpretation of results (Miura and O′Hara
1979).

Recently, Indraratna et al. (2005) introduced ballast breakage index (BBI) to quantify
the magnitude of degradation of railway ballast. This method also considers the
particle size distribution curve before and after the test. BBI can be calculated from
Equation 2.23, where A is the shift in the PSD curve after the test, and B is the
potential breakage or the area between the arbitrary boundary of maximum breakage
and the final PSD as illustrated in Figure 2.28.

BBI =
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Figure 2.28 Quantification of Ballast Breakage Index, BBI (adopted from Indrarartna
et al. 2005)
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After considering the various methods of particle breakage quantification, ballast
breakage index, BBI (Indraratna et al. 2005) is adopted in this study due to its
simplicity in computation and ability to provide a perception regarding the degree of
particle degradation from its numerical value.
2.5.4

Ballast Breakage under Cyclic Loading

Ballast degradation behaviour under cyclic loading can be categorised into three
zones: the dilatant unstable degradation zone (DUDZ), the optimum degradation
zone (ODZ), and the compressive stable degradation zone (CSDZ) (Indraratna et al.
2005; Lackenby et al. 2007). These zones are dependent on the level of confining
pressure and maximum deviator stress acting on the specimen, as shown in Figure
2.29 and have been described below.

Dilatant Unstable Degradation Zone (DUDZ)
Specimens that are subjected to low σ' 3 , and which experience overall volumetric
dilation caused by rapid and considerable axial and expansive radial strains, are
characterised in the DUDZ (Figure 2.29). Degradation in the DUDZ is considered
the most significant of the three zones, with breakage occurring predominantly at the
onset of loading, when the axial strain and dilation rates are at a maximum
(Lackenby et al. 2007). They further reported that most of the degradation in this
zone was due to the breakage of angular corners or projections, rather than particle
splitting. They indicated that this is due to internal deformation mechanisms, such as
sliding or rolling, that inhibit the formation of permanent inter-particle contacts, thus
preventing splitting due to excessive stresses.

Optimum Degradation Zone (ODZ)
Lackenby et al. (2007) indicated that, as a result of small increase in confining
pressure, an optimum internal contact stress distribution and increased inter-particle
contact area occurred in ODZ. Therefore, tensile stresses within particles diminished
and breakage reduced significantly. Besides, the coordination number was expected
to have slightly increased (compared with DUDZ specimens) owing to the reversal
of volumetric strain behaviour from dilation to compression.
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Figure 2.29 Effect of confining pressure σ' 3 and maximum deviator stress q max,cyc on
ballast breakage index BBI, and effect of q max,cyc on DUDZ, ODZ and
CSDZ breakage zones (adopted from Lackenby et al. 2007)

Compressive Stable Degradation Zone (CSDZ)
Indraratna et al. (2005) mentioned that in the CSDZ, particle movement and dilation
are largely suppressed owing to the considerable level of confinement. The most
significant differences between the ODZ and CSDZ are the reduced mobility of
particles and the highly stressed but relatively secure contact points (Lackenby et al.
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2007). Although corner degradation is still the foremost kind of breakage, some
particle splitting takes place through planes of weakness such as micro-cracks and
other flaws, and the fatigue of particles becomes more prominent in the CSDZ
(Indraratna et al. 2005). They further postulated that particles were highly stressed
and contact forces were more isotropic under increasing confining pressure.

2. 6

Track Substructure Problem

Substructure failure can be classified into two categories, failure caused by a loss of
strength and failure from soil slurry penetration (Neil 1976). Due to increased train
speeds and loads in recent years several costly substructure problems have emerged,
the most important being differential track settlement, ballast degradation, track
fouling, clay pumping, and subgrade failure. Problems originating in the subgrade
can largely be prevented if track drainage is sufficient and soil strength is reasonable
(Lackenby 2006). Some important substructure problems are discussed here.
2.6.1

Differential Track Settlement

When track settlement occurs differentially, or non-uniformly along a short length
(or breadth) of a track, it becomes generally a significant problem (Gaskin and
Raymond 1976; Selig and Waters 1994). Over 50% of the total deformation of
railway lines (both differential and uniform) originates from the ballast layer (Selig
and Waters 1994; Suiker 1997; Ionescu et al. 1998; Indraratna et al. 2001), with the
remainder attributed to the subballast and subgrade (Figure 2.30).

Figure 2.30 Contribution of ballast to track settlement, and the influence of tamping
(adopted from Brown and Selig 1991)
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Settlement results from the reorientation and rearrangement of particles as they
attempt to form a denser and more stable assembly. Train impact loads, inconsistent
breakage, and localised lateral flow of ballast also contribute to differential
settlement. Subgrade settlement evolves gradually and contributes more significantly
to long-term track performance (Figure 2.30). Subgrade differential settlement is
accredited to non-uniform soil strength distribution and inconsistent soil deviator
stresses. The pumping of slurry (clay pumping) from the subgrade into the subballast
and ballast layers can also cause vertical and/or horizontal track misalignment.
2.6.2

Ballast Degradation

Most degradation of ballast results from train loading (Gaskin and Raymond 1976),
however, transportation and handling, weathering, tamping and the use of
compaction machines also breaks ballast down (Selig and Waters 1994). As breakage
progresses the ballast particles become smaller which in turn fouls the ballast and
inhibits track drainage. As a consequence of crushing at one location, local stress
redistribution can lead to degradation at a new location (Sowers et al. 1965; Billam
1971), producing differential settlement. In addition, breakage decreases particle
angularity and diminishes the track shear strength. Ballast deterioration is a particular
problem on high speed lines (Zicha 1989). Ballast particles are primarily angular and
most breakage is derived from corner degradation and attrition, however, some
splitting is also observed (Indraratna et al. 1998; Indraratna et al. 2005; Lackenby et
al. 2007). Figure 2.31 illustrates a track suffering from excessive ballast breakage.
2.6.3

Track Fouling

Ballast is designed to be free draining but when this is wholly or partially impeded
due to void blockage by fine particles (sand sized or smaller), the ballast is said to be
“fouled” (Selig and Waters 1994). Ballast breakdown has been identified as the most
significant source of fouling, contributing at least 50% (Chrismer 1985; Chrismer
and Read 1994; Selig and Waters 1994; Indraratna et al. 1997; Indraratna et al.
1998). Selig and Waters (1994) summarised their field and laboratory investigations
with the type and sources of ballast fouling in North America, and concluded that
ballast breakdown or particle breakage is the most significant source of fouling
(Figure 2.32). They recognise clay pumping and the infiltration of foreign materials
as the other major contributors. Foreign material penetrating into the ballast from the
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surface can include objects delivered with the ballast, dropped from trains, or wind
and water blown matter. In Australia, Queensland Rail states that coal dropped from
freight trains is responsible for 70 - 95% of the fouling of its lines (Feldman and
Nissen 2002).

Figure 2.31 Track suffering from ballast breakage

Figure 2.32 Sources of ballast fouling in North America (adopted from Selig and
Waters 1994)

There are several sources of ballast fouling which may be classified into 5 categories
(Selig and Waters 1994).
1. Ballast breakdown (particle breakage)
2. Subgrade infiltration
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3. Infiltration from underlying granular layers (subbase)
4. Sleeper (tie) wear
5. Infiltration from ballast surface.

Fouling can either assist or inhibit ballast performance depending on the extent and
size of the fouling particles. Diminished performance occurs when the fouling
material is silt or clay sized (less than 0.063 mm), in which case 100% replacement
of ballast may be necessary (Selig and Waters 1994). If the fouling material is sand
sized, the strength, stability, and stiffness can be improved (Raymond 1979; Selig
and Waters 1994). However, with time, these particles will ultimately decrease the
void ratio and drainage capacity. Unlike fouling from clay and silt particles, 100%
replacement should not be necessary, and maintenance costs are significantly
reduced.

2. 7 Chapter Summary
This chapter presented the literature pertinent to railway ballast and its behaviour
under cyclic loading conditions. Ballast is the most important part of the ballasted
rail track and is usually underlain by a subballast and subgrade layer. Main functions
of the ballast are to distribute and transfer load to the underlying substructure, absorb
noise and facilitate rapid drainage. The performance of the ballast depends on
various particle characteristics such as: particle shape, size, hardness, gradation,
durability, surface texture, angularity etc.

Cyclic triaxial tests have been used to study ballast behaviour under cyclic loading.
Effect of confining pressure, loading amplitude, load history, particle size
distribution, loading frequency, number of cycles, degree of compaction, moisture
content, particle breakage etc. on cyclic densification and resilient behaviour of
ballast have been explored from the literature. But very limited studies were found
on the effect of train speed on ballast behaviour.

Increase in ballast contact pressure with increasing train speed has been widely
accepted. However, this fact has not been considered in the cyclic triaxial test results
reported in the existing literatures. As a consequence, it was reported that the speed
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has little effect on the ballast behaviour. Therefore, in this investigation ballast
contact pressure has been calculated individually for various train speeds and
employed by applying corresponding loading amplitudes in the triaxial testing.

It is difficult to observe cyclic densification inhibiting particle breakage for the
granular material like ballast and also understand particle breakage mechanism in the
laboratory condition. Therefore, discrete element method (DEM) has been employed
in this research to investigate the direct effect of particle breakage on cyclic
densification of ballast and explain underlying mechanism of particle breakage.
Literature review relevant to DEM has been discussed in their respective chapters.
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3 LABORATORY INVESTIGATION
3. 1

Introduction

This chapter provides the various aspects of laboratory investigation technique
adopted to investigate the cyclic densification and degradation response of railway
ballast under cyclic compression loading using a series of large-scale cyclic triaxial
experiments. Ballast specimens were subjected to a range of loading magnitudes that
represent the effect of various train speed to simulate the in-situ sleeper-ballast
contact pressures. Details regarding the large-scale equipment, testing material,
specimen preparation methods, testing procedure, and data analysis procedures are
presented in subsequent paragraphs.

3. 2

Large-scale Triaxial Equipment

The experimental results of the coarse granular materials in conventional laboratory
apparatus which are usually scaled down can lead to misleading results (Marachi et
al. 1972). Considering this fact, large-scale triaxial equipment (Indraratna 1996) has
been designed and built at the University of Wollongong (Figures 3.1) to carry out
both static and cyclic tests on field size aggregates. The dimension of the specimen
size is 300 mm in diameter and 600 mm in height. The apparatus consists of the
following main parts:
•

The triaxial chamber and the membrane (Figure 3.2a),

•

The axial loading unit and dynamic actuator (Figure 3.2b),

•

The confining pressure control unit, and the pore pressure measurement
system (Figure 3.2c),

•

The volumetric change measurement unit (Figure 3.2d),

The equipment can apply maximum loading of 160 kN. Minimum strain rate that can
be applied is 5.5mm/min. Sensitivities of load cell, LVDT, volumetric chamber, and
confining pressure are 222 N, 0.02mm, 0.1mm, and 0.5 kPa respectively. Minimum
frequency of 0.05Hz can be applied for cyclic tests. Recently, this equipment has
been upgraded to apply a cyclic loading up to a frequency of 60 Hz. Figure 3.3
shows the details of the equipment schematically.
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Figure 3.1 Large-scale cyclic triaxial equipment built at the University of
Wollongong

3. 3

Ballast Characteristics

Standards Australia (1996) specifies the physical and durability requirements of the
parent rock for railway ballast, but does not evaluate performance under in-situ track
conditions (Chrismer 1985; Indraratna et al. 1998). Igneous material has been shown
to be particularly suitable for use on railway tracks because of its relatively high
compressive strength, particle hardness, and resistance to weathering (Salim 2004).
In the current study, all test specimens comprised of fresh latite basalt, a quarried
igneous aggregate commonly used as railway ballast in New South Wales, Australia.
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Latite basalt is a dark coloured volcanic (igneous) rock containing the main minerals
feldspar, plagioclase and augite. Its physical and durability attributes are shown in
Table 3.1.

Figure 3.2 Various parts of the large-scale triaxial equipment, (a) The triaxial
chamber and membrane, (b) The axial loading unit and dynamic
actuator, (c) The confining pressure control unit, and the pore pressure
measurement system (d) The volume change measurement device
(adopted from Lackenby 2006)
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Figure 3.3 Schematic drawing showing details of the large-scale cyclic triaxial
equipment (adopted from Indraratna 1996)
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Table 3.1 Physical and durability properties of latite basalt (adopted from Indraratna
et al. 1998)
Standards Australia (1996)

Characteristics Test Results

Value

Aggregate crushing value: %

12

< 25

Los Angles abrasion: %

15

< 25

Wet attrition value

8

<8

Point load index: MPa

5.5

-

Compressive strength: MPa

130

-

Flakiness: %

25

< 30

Misshapen particles: %

20

< 30

Recommendations

Figure 3.4 illustrates the particle size distribution adopted for this research which is
in between the upper and lower bounds set forth by Standards Australia (1996).
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Figure 3.4 Initial particle size distribution of ballast, and ballast particles colouring
scheme adopted in this study
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3. 4

Sample Preparation

The ballast particles were first washed by water jet to make it free from dust and
dried. After that, they were sieved through a set of sieves (53 mm, 45 mm, 37.5 mm,
31.5mm, 26.5 mm and, 19 mm) and stored separately. These ballast particles were
then coloured by using spray paint. Spray paint was selected because it dries fast and
the coating is so thin that it can be assumed that the colouring will have no influence
on the frictional properties and strength, modulus and deformation characteristics of
ballast during cyclic loading. The particle size range separated for colouring the
ballast particles is shown in Figure 3.4. The letters n, g, y, w, and r in Figure 3.4
represent natural, green, yellow, white, and red coloured ballast particles
respectively. Figure 3.5 shows the picture of painted ballast particles with different
colours. Ballast particles from each sieve size were weighed and the number of
particles in each colour were counted separately and then mixed properly.

Yellow
Green

Natural

Red
White

Figure 3.5 Painted ballast particles weighed for sample preparation

The mixed particles were poured in layer into a 5mm thick Neoprene rubber
membrane in four different layers and compacted using a vibrator to a representative
field density of 15 kN/m3. A rubber pad was used on the top of the ballast particles
before placing vibrator to minimize breakage during compaction. The compaction
was facilitated by a split cylindrical mould which was removed before the specimen
63

was placed within the cell pressure chamber. Then the chamber was filled with water
and a designated initial confining pressure was applied. The sample was left
overnight for consolidation before applying cyclic load.

3. 5

Cyclic Deviatoric Load Calculation

The load was cycled between two compressive stress states (Figure 3.6), q min (σ 1min σ 3 ) and q max (σ 1max - σ 3 ). q min was set equal to about 45 kPa which represents the
unloaded track state (such as sleeper and rail weights) (Lackenby et al. 2007).
Shenton (1975) stated that higher train speeds may increase the dynamic forces and
impart greater stresses to the ballast.

Figure 3.6 Typical cyclic loading curve used for triaxial testing (after Indraratna et al.
2010)

Kemfert and Hu (1999) carried out in-situ measurements of dynamic forces in the
track induced by speeds up to 400 km/hr and highlighted that the dynamic stress
increased significantly as the speed climbed from 150 km/hr to 300 km/hr.
Therefore, cyclic deviatoric stress (q cyc ) was calculated following Esveld (2001) for
respective train speed (frequency) with an axle load of 30 tonnes (Appendix A).
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3. 6 Summary of Cyclic Triaxial Tests
To fulfil the objectives of investigating ballast densification and degradation
behaviours, two series of experiments were planned.

Series 1: Twelve tests were conducted at 60 kPa confining pressure and different
loading frequencies (10, 20, 30 and 40 Hz). It was reported that the optimum
confining pressure causing least breakage ranged between 30-90 kPa for a cyclic
deviatoric stress of 500 kPa (Indraratna et al. 2005). Therefore, a confining pressure
(σ′ 3 ) of 60 kPa was selected for every test. Table 3.2 summarizes the details of the
test conducted in this category. These tests were carried out to investigate the effect
of frequency (i.e. speed) on cyclic densification and degradation behaviour of ballast.

Table 3.2 Summary of the cyclic triaxial tests (Series 1) (after Indraratna et al. 2010)
Test

Frequency, f

Cyclic deviatoric

Number of

Simulated velocity, V (km/h)

No.

(Hz)

stress, q cyc (kPa)

cycles, N

on a standard gauge track

B10

10

374

B20

20

428

73
145
1,000

B30

30

482

218

B40

40

536

291

C10

10

374

73

C20

20

428

145
10,000

C30

30

482

218

C40

40

536

291

D10

10

374

73

D20

20

428

145
100,000

D30

30

482

218

D40

40

536

291

Series 2: This series of experiments was conducted to find the minimum lateral
confining pressure requirement for running the train at various speed effectively
(Table 3.3).
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Table 3.3 Summary of cyclic triaxial tests (Series 2)
Frequency, f (Hz)

Confining Pressure, σ' 3 (kPa)

Number of Cycles (N)

10

15, 30, 60, 120

100000

20

15, 30, 60, 120

100000

40*

15, 30, 60, 120

75000

ε a > 25 % after 75000 cycles

*

3. 7

Cyclic Test Procedure

Cyclic triaxial tests were carried out using the large scale cyclic triaxial equipment
(Indraratna 1996). Each sample was loaded statically first at a rate of 1 mm/sec to a
stress equal to the average of the minimum and the maximum cyclic deviatoric stress
(Figure 3.6). Membrane corrections were calculated using the ASTM (2002) method
assuming an axial strain of 20 %, a membrane thickness of 5mm and a membrane
elastic stiffness of 1100 kPa, resulting in a required correction for deviatoric stress of
15 kPa. This membrane correction of 15 kPa was added to a cyclic deviatoric stress
(q cyc ). A frequency of 10, 20, 30 and 40 Hz was applied for different tests. A
reduced-frequency conditioning phase (less than 5 Hz) was necessary at the
commencement of the cyclic loading (during rapid vertical deformation) to prevent
impact loading and loss of actuator contact with the specimen. Permanent
deformation data were collected at regular intervals and a set of data were recorded
at specific cycles to evaluate the resilient behaviour. Initial cyclic triaxial
experiments with and without rest period indicated that the rest period has an
insignificant influence on the ballast deformation with number of cycles (Figure 3.7).
Therefore, cyclic loading without rest period was considered for further laboratory
experiments.

A constant cyclic load corresponding to each frequency (Table 3.2) was applied and
the tests were terminated at 1,000; 10,000; and 100,000 cycles to assess ballast
breakage for test series 1. For test series 2, cyclic loading was continued for 25000
cycles at 120 kPa confining pressure first. Then the confining pressure was reduced
gradually to 60 kPa and another 25000 cycles was applied. This process was repeated
for 30 kPa and 15 kPa confining pressures also. The whole procedure was repeated
for 20 Hz, and 40 Hz frequencies. In total, cyclic loading was continued for 100,000
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cycles or until the vertical deformation reached about 25 % of axial strain. Axial
deformation and any change in the volume of the sample were recorded through a
data logger every second. After the cyclic loading was completed, the confining
pressure was released and the sample was removed.
10
Without rest period
With rest period

Axial Strain, εa (%)

8

6

4

2
1

10

100
1000
10000
Number of Cycles, N

100000

Figure 3.7 Comparison of axial strain with and without rest period

After completion of the test, the sample was taken out. Then the sample was sieved
again to find current particle size distribution, which was required to calculate Ballast
Breakage Index (BBI). For sieving after the test, all the different coloured particles
were separated first, and then all of them were checked one by one manually to their
respective sieves. Mass of the ballast particles retained on each sieve was taken. In
addition, number of particles of all different colours retained on each sieve was
counted. The whole procedure was repeated for all the tests.

3. 8

Data Analysis Methods

Permanent Axial and Volumetric Strain
The permanent axial deformation was measured using a position transducer within
the actuator interfaced with a data logger. Permanent strain used in this thesis is
defined as the total axial strain i.e. sum of the recoverable and irrecoverable strains.
During shearing, the actuator never losses contact with the specimen, therefore, the
downward movement of the actuator replicates the specimen deformation. A 20mm
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change in the actuator position would, for example, correspond to a 20mm decrease
in the specimen height. This system performs the same task as an externally mounted
linear variable differential transducer (LVDT).

A volume change device (Figure 3.2d) was utilised to measure the specimen’s
volumetric strain. A piston within the device responds to water entering the specimen
(dilation) or leaving the specimen (compression), and a LVDT and data logger record
the piston movement. 1mm of piston movement corresponds to a 34.5 cm3 loss (or
gain) in specimen volume. Radial strain ε r and shear strain ε s can be calculated using
Equations 3.1 and 3.2 respectively under triaxial condition, where ε a and ε v are the
major principal strain and volumetric strain (negative compression) respectively.
Additionally, Equation 3.3 defines the mean effective stress p′ in triaxial condition.

εr =

(ε v − ε a )

(3.1)

2

εs =

2
(ε a − ε r )
3

p' =

1 '
σ − 2σ 3'
3 1

(

(3.2)

)

(3.3)

Resilient Modulus
A set of data (1000 readings in 1.7 seconds) was collected by the dynamic actuator
control program (Figure 3.8) to evaluate the resilient modulus M r . These data were
sampled over two channels, load (later converted to stress) and actuator position
(recoverable or resilient strain). M r is calculated according to Equation 3.4

Mr =

∆qcyc

ε a ,rec

(3.4)

where Δq cyc is the magnitude of deviator stress and ε a,rec is the recoverable portion of
axial strain. The sampled data contained electrical noise interfering with the return
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signal, resulting in misleading M r values. Therefore, the noise was removed using
data smoothing technique available in data analysis software ORIGIN.

Figure 3.8 Graphical operator user interface screen used to control the movement of
the dynamic actuator (adopted from Lackenby 2006)

Ballast Breakage
Ballast particles were sieved before and after the test to find their initial and final
particle size distributions (PSD) curve. Ballast Breakage Index, BBI (Indraratna et al.
2005) has been adopted in this study to investigate degradation behaviour of the
ballast. Equation 2.23 is employed to compute BBI. Moreover, the coloured ballast
particles were counted and weighed before and after the test to investigate particle
size vulnerability to breakage.

3. 9

Chapter Summary

This chapter has discussed the experimental set up used, test types, analysis methods
adopted for investigating ballast behaviour under various train speed. Also, it
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explained the type of ballast and its characteristics. Ballast particles were painted in
different colour based on PSD and is believed that the painting has not influenced the
shearing behaviour of ballast under cyclic loading. Moreover, it clearly mentioned
the formulae used for interpreting experimental results in terms of axial strain,
volumetric strain, breakage and resilient modulus.
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4 EXPERIMENTAL RESULTS AND DISCUSSIONS
4. 1

Introduction

This chapter presents and discusses the permanent and resilient strain, and
degradation behaviour of railway ballast resulting from a series of drained cyclic
large-scale triaxial tests conducted at a variety of frequencies and confining
pressures. The cyclic densification (axial and volumetric strains) and resilient
behaviour were investigated as a function of the number of loading cycles N by
considering two approaches: Firstly the effects of various frequencies (10, 20, 30 and
40 Hz) at a confining pressure of 60 kPa and Secondly the effect of varying
confining pressures (15, 30, 60 and 120 kPa) at different frequencies (10, 20 and 40
Hz). The degradation of ballast was assessed adopting a Ballast Breakage Index
(BBI) and also by counting the number of various coloured ballast particles present
on each sieve sizes before and after testing.

In large size specimens, there is unlikely to be a distinct failure plane, instead failure
is usually accompanied by specimen bulging (Indraratna et al. 1998). In the case of a
drained, stress controlled cyclic loading at constant q cyc , the onset of failure is
somewhat difficult to ascertain owing to the absence of a peak stress or a
characteristic location of material weakening or softening. Failure of large ballast
specimens under repeated loading is more appropriately defined by an arbitrary level
of strain accumulation, such as ε a ≥ 25 % (Lackenby et al. 2007). In this study,
failure of the specimen is defined as corresponding to ε a ≥ 25 % due to the available
maximum stroke of the dynamic actuator.

4. 2

Effect of Frequency on Ballast Behaviour

4.2.1 Cyclic Densification
Figure 4.1 presents the variation of axial strain (ε a ) with the number of cycles (N) for
different frequencies (f) of loading. A significant increase in ε a with f can be
observed. For a particular value of f, ε a rapidly increases to maximum value (e.g, 6.1
% at N = 2,500 for f =10 Hz) in the initial cycles, after which ε a attains a more
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constant value at large N. This sudden increase in ε a at low values of N can be
attributed to particle re-arrangement and corner breakage. In addition, it is also
evident that with an increase in f higher values of N is required to stabilize ε a .

Figure 4.1 Variation of axial strain (ε a ) at various frequencies (f) with number of
cycles (N) in the experiment (after Indraratna et al. 2010)
Figure 4.2 illustrates the volumetric strain, ε v (compressive) with the number of
cycles, N for f between 10 and 40 Hz. At low values of f (10 - 30 Hz), ε v increases
gradually to an almost constant level as N > 5,000 cycles. However, for a slightly
higher value of f of 40 Hz, ε v increases relatively rapidly and attains a relatively
stable value after almost 10,000 cycles. In comparison to f = 10 - 30 Hz, ε v still
increases even after 10,000 cycles for f = 40 Hz. This demonstrates a continuing
cyclic densification under high frequencies greater than 30 Hz.

Initial rapid deformation of the ballast material followed by decreasing rate of
densification can be attributed to the hardening behaviour of the ballast sample under
constant confining pressure. If sufficient lateral confinement is not provided, ballast
exhibits a strain softening behaviours. Lackenby et al. (2007) observed dilation of
ballast at lower confining pressures (σ' 3 = 10 kPa) at a deviatoric stress of 500 kPa.
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Alva-Hurtado and Selig (1981) reported that the permanent strain after any number
of cycles was dependent on the permanent strain after the first cycle, and the number
of cycles applied. Figure 4.3 shows the relationship between axial strain ratio (ε ar ),
defined as the ratio of axial strain (ε a ) and axial strain at first cycle (ε a1 ), and N for
various f. It can be observed that all values of ε ar fall within a narrow band
irrespective of f. This clearly highlights the emergence of a relationship between ε ar
and N, and is given by:

ε ar = a +

b
c
0.5 +
N
N2

(4.1)

where ε ar = ε a / ε a1 and a, b, and c are empirical material constants, and N is the
number of cycles. The values of a, b, and c are found to be 7.493, -21.442, and
15.059 respectively for R2 > 95 %.

Figure 4.2 Variation of volumetric strain (ε v ) at various frequencies (f) with number
of cycles (N) in the experiment (after Indraratna et al. 2010)
Figure 4.4 illustrates a linear relationship between ε a1 and f and can be expressed by:

ε a1 = a1 + b1 f

(4.2)
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where a 1 , and b 1 are empirical material constants. The values of a 1 , and b 1 are 0.647
and 0.023 for R2 > 99 %. Using Equations 4.1 and 4.2, ε a can be estimated at any f
and N. The constants a, b, c, a 1 , and b 1 are related to load history, confining
pressure, type of ballast, number of cycles, frequency of loading, ballast breakage
etc.

Figure 4.3 Normalized axial strain ratio (ε ar ) with number of cycles (N) at different
frequencies (f) (after Indraratna et al. 2010)
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Figure 4.4 Variation of axial strain at 1st cycle (ε a1 ) with frequencies (f) (after
Indraratna et al. 2010)
4.2.2

Resilient Modulus

The effect of frequency (f) on resilient modulus (M r ) was assessed by recording a set
of resilient strains and deviator stresses data at various numbers of cycles N
throughout each test. In this study, M r was calculated using Equation 3.4, where ε a,rec
is the recoverable portion of axial strain, and Δq cyc is the difference between q max,cyc
and q min,cyc as shown earlier in Figure 3.6 (Chapter-3).
AASHTO T307 (AASHTO 2002) is the recommended procedure for determining
resilient modulus of subgrade soil in pavement engineering. Because of the
complexity of the testing procedure, it has not been widely implemented in practice
(Kim and Kim 2007). In AASHTO T307, field conditions are simulated by
conditioning and post conditioning (i.e. main testing). Conditioning consists of 5001000 load applications at a confining stress of 41.4 kPa and a deviator stress of 27.6
kPa. In addition, main testing is performed at three levels of confining stresses (in the
order of 13.8, 27.6 and 41.4 kPa) for which each five levels of deviator stresses
(13.8, 27.6, 41.4, 55.2 and 69 kPa) are applied, resulting in 15 steps of load
applications. Moreover, it recommends use of haversine type of load pulse with rest
periods. However, rest period is recommended for resilient modulus testing, many
researchers (Seed et al. 1965; Morgan 1966, Hicks 1970; Thom and Brown 1987)
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found that rest period has no any influence on resilient modulus of soil based the
repeated load triaxial tests.

On the other hand, Li and Selig (1998) mentioned that the load duration and rest
periods in a load cycle, as applied to railroad subgrade materials, are factors that
have rarely been studied. A number of researchers (Indraratna et al. 2010; Liu and
Xiao 2010; Indraratna et al. 2009; Anderson and Fair 2008; Lackenby et al. 2007)
applied sine type of loading without rest periods to study ballast behaviour in the
laboratory. Also, section 3.7 (Figure 3.7) earlier showed clearly that rest period has
no any influence on permanent deformation behaviour of ballast. Therefore, all the
experiments in this research were conducted without rest periods and the resilient
modulus results discussed in this thesis is based on the findings of this research.

Many researchers (Hicks and Monismith 1971; Allen 1973; Shenton 1975; Knutson
and Thompson 1977; Alva-Hurtado and Selig 1981; Selig and Alva-Hurtado 1982;
Lackenby et al. 2007) reported that the M r increases with both increase in N and σ 3 .
However, there is lack of data on the effect that f and N have on M r . Lekarp et al.
(2000a) reported that the frequency and load duration have little or no significant
effect on the resilient modulus for granular materials. However, they also mentioned
that the resilient modulus may decrease with increase in frequency in an undrained
condition. In line with the conclusion drawn by Lekarp et al (2000a), M r is found to
decrease with an increase in f as indicated in Figure 4.5. Although M r decreases as f
increases, it does, however, increase with an increase in N.
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Figure 4.5 Variation of resilient modulus (M r ) with frequencies
Figure 4.6 plots the final axial strain ε af and final resilient modulus M rf at the end of
100,000 cycles at various frequencies of 10 to 40 Hz. In addition, Figure 4.6
confirms that ε a increases as f increases which is consistent to the indication
contained in Figure 4.1. The main observation that needs to be highlighted is that the
ε a decreases as M r increases. This type of ballast behaviour can be attributed to an
increase in ballast contact pressure due to an increase in frequency or train speed.
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Figure 4.6 Relationship between ε af and M rf at various f for 100,000 cycles
This investigation also confirmed that an increase in ε a and M r due to an increase in
the deviator stress for the same level of confinement as reported by Lackenby et al.
(2007). On the other hand, the results of the testing further indicate that a decrease in
M r is observed with an increase in f, while σ' 3 is kept constant.
4.2.3

Breakage

Degradation of granular materials occurs by corner breakage, attrition of asperities,
and splitting of particles into two or more approximately equal parts (Lees and
Kennedy 1975). In the case of a cyclic loading condition, Indraratna et al. (2005)
highlighted that the pattern of particle breakage could be characterized by three
distinct degradation zones: the dilatant unstable degradation zone (DUDZ), the
optimum degradation zone (ODZ), and the compressive stable degradation zone
(CSDZ). These three zones were defined based on the effective confining pressure
(σ' 3 ) that acted on the specimen and the level of maximum deviatoric stress (q max )
applied. In this study, ballast degradation (breakage) was assessed after 1,000;
10,000; and 100,000 cycles so that the breakage behaviour could be compared with
respect to both f and N. The breakage of ballast was calculated using Ballast
Breakage Index (BBI) proposed by Indraratna et al. (2005).
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Figure 4.7 presents the influence of f and N on ballast breakage. It can be observed
that the BBI increases with an increase in f. However, at lower values of f (e.g. f ≤30
Hz) BBI is not influenced by N. This clearly indicates that the majority of ballast
breakages are experienced within the initial 1000 cycles. A significant increase in
BBI can be observed in the range 10 Hz≤

f ≤ 20 Hz, a marginal increase in BBI

between 20 Hz < f ≤ 30 Hz, and another rapid increase in BBI with f > 30 Hz. It has
been observed from the laboratory tests that in the zone 10 Hz
≤

f ≤ 30 Hz, corner

breakage is more pronounced, while considerable splitting of the ballast particles
across their bodies occurs at f > 30 Hz. Between 20 Hz ≤ f ≤ 30 Hz, the ballast
densifies under the cyclic loading without experiencing significant breakage.
However, more pronounced breakage then occurs again as f increases above 30 Hz.
Higher permanent deformations observed at higher frequencies can be attributed to
the increase in particle degradation.

Figure 4.7 Variation of ballast breakage index (BBI) with various frequencies (f) at
different number of cycles (N) (after Indraratna et al. 2010)
The above mentioned breakage behaviours can be explained as following. For f ≤ 20
Hz, the stresses on the ballast particles cause more sliding and rolling in order to
obtain dense packing. In this process, angular particles have a stress concentration on
their corners and as ballast is brittle material, it cannot sustain significant tension and
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the particles corner breaks resulting in an increase in BBI at this frequency range. At
frequencies between 20 to 30 Hz, the particle packing reaches an optimum level and
corner breakage is still dominant but the stress levels are considered not high enough
to actually split the particles, therefore, additional breakage is almost negligible.
Although, some further densifications can be observed at this stage as can be seen
from the axial strain plot (Figure 4.1). When f > 30 Hz, stresses on the particles
increase and both sliding and rolling of the particles cease because of gaining an
optimum packing. The additional stresses on the particles then result in the particles
breaking and splitting through their bodies which causes additional densification of
ballast as can be seen in Figures 4.1 and 4.2. Splitting of the particles at higher
frequency was observed in the laboratory testing after sieving the samples.
4.2.4

Breakage from Analysis of Coloured Ballast Particles

Particle size vulnerability to breakage is quite difficult to assess from same colour
ballast and the mass retained on various sieve sizes. Therefore, the ballast particles
were coloured in five different colours based on their sieve size range as shown in
Figures 3.4 & 3.5. The coloured particles were weighed and counted before and after
each test. Results obtained from this analysis of coloured ballast particles before and
after the tests are presented in the subsequent paragraphs.

Figure 4.8 illustrates the percentage decrease in mass of the coloured ballast particles
compared to their original mass retained on various sieve sizes prior to the test with
respect to frequency. Two observations can be made from this figure. First: at
particular frequency, the percentage decrease in weight of red to natural colour
particles is decreasing which clearly indicates that red colour particles break more
than natural colour particles. As red particles represent ballast particles passing 53
mm and retained on 45 mm, and natural colour particles represent ballast particles
passing 22.6 mm and retained on 19 mm, it can be concluded that the larger sized
particles experience more breakage than smaller sized particles. Second: percentage
decrease in weight of various coloured ballast particles generally increased with an
increase in frequency. As can be seen from Figure 4.8 that percentage decrease in
weight of red coloured ballast particles increased from 10 to 16 % when frequency
increased from 10 to 40 Hz. Similarly, percentage decrease in weight of natural
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coloured ballast particles went up from 5 to 9 % for the same level of increase in
frequency. This clearly indicates that all sizes of ballast particles experience more
breakage when frequency increases.

Figure 4.8 Percentage decrease in number of initial particles in various sieve size
range at different frequencies (f)

Figures 4.9 and 4.10 show the number of particles (N p ) retained on various smaller
sieve sizes which were not present before the commencement of the tests. These two
figures clearly highlight that N p increases as sieve size decreases. For example at 10
Hz frequency, N p passing 19 mm and retaining 13.2 mm is 44 while 122 particles
retained on 4.75 mm sieve (Figure 4.9). Also, for each sieve size, N p increases with
an increase in f. The increase in N p from 10 to 20 Hz is not significant but it
increases considerably above 30 Hz. This evidence emphasizes that corner breakage
is the dominant mechanism of ballast breakage under cyclic loading at the
frequencies considered.

Similarly, Figure 4.10 illustrates that the number of broken particles retained on a
2.36 and 1.18 sieve size are in thousands and these numbers are increasing
considerably with increasing f. This fact highlights that the abrasion is also a
dominant mechanism of ballast degradation.
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Figure 4.9 Number of particles (N p ) retained on 4.75-19mm sieves at different
frequencies (f)

Figure 4.10 Number of particles (N p ) retained on 1.18-4.75mm sieves at different
frequencies (f)

4. 3

Effect of Confining Pressure on Ballast Behaviour

As mentioned earlier the increased demand for high speed trains is contributing
higher loads on the railway ballast causing excessive ballast deformation and
degradation. Undesired deformation and degradation of ballast is directly related to
track stability thus with the safety of the railway operation and smoothness of ride.
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Therefore, a series of large scale cyclic triaxial tests were carried out at varying
confining pressures of 15, 30, 60, and 120 kPa under 10, 20, and 40 Hz frequencies
simulating train speeds of approximately equivalent to 73 km/hr to 291 km/hr based
on standard rail gauge in Australia for investigating the minimal lateral confining
pressure required for a given track deformation. The following sections presented
and discussed the outcome of these laboratory tests.
4.3.1

Cyclic Densification

Figure 4.11 illustrates the axial strain (ε a ) at various frequencies (f) and effective
confining pressure (σ' 3 ) with number of cycles (N). It is observed that ε a increases
with increase in f and decrease in σ' 3 . Also, it increases with increase in N. ε a
increases rapidly in the initial cycles and stabilises after few thousand cycles.
Lackenby et al (2007) reported that the ε a stabilises or shakedowns (insignificant rate
of increase of ε a with N) around 10,000 cycles. Therefore, this study was restricted to
25000 cycles at each σ' 3 to study the influence of σ' 3 on various f.
Figure 4.11 further shows that when σ' 3 decreases to 60 kPa from 120 kPa, ε a again
increases rapidly in the initial few cycles. It stabilises again after application of an
additional 10,000 cycles at lower frequency range (f ≤ 20 Hz). Initial deformation is
more rapid with decreasing confining pressure (e.g. initial deformation occurs around
four times more for changes in σ' 3 from 30 kPa to 15 kPa as compared to the changes
in σ' 3 from 120 kPa to 60 kPa). However, at high frequency such as at a f of 40 Hz,
when σ' 3 reduces from 60 kPa to 30 kPa, rapid deformation continues and does not
stabilise before reaching failure (i.e. ε a = 25%). These results clearly indicate the
importance of σ' 3 in providing a stable track. At very low σ' 3 e.g. 15-30 kPa,
excessive settlement of the track may occur even at low train speeds (i.e f ≤ 20 Hz)
and the ballast requires a σ' 3 ≥ 60 kPa for operating high speed trains (i.e. f ≥ 40 Hz).
Such type of ballast behaviour can be attributed to rapid particle rearrangement and
breakage at high f. ε a is rapid initially followed by a stabilized state that occurrs
around an additional application of 10,000 cycles. This can be seen from the results
of f = 10 and 20 Hz where σ' 3 is capable enough to provide stable ε a . In case of high f
such as 40 Hz, σ' 3 below 60 kPa can’t provide enough support to the sample (Figure
4.11) and as a consequence, stable ε a is hard to attain.
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Figure 4.11 Effect of variation of confining pressure (σ' 3 ) on axial strain (ε a ) at
various frequencies (f) with number of Cycles (N)

For practising engineers, final deformation is an important criterion; therefore, axial
strains after 25,000 cycles at various f and σ' 3 were plotted in Figure 4.12. The
variation of final axial strain (ε af ) at various f has good correlation with σ' 3 and the
following relationship can be established.

ε af (% ) = a ln (σ ' ) + b

(4.3)

3

where a and b are material constants tabulated in Figure 4.12 for various f.

Figure 4.13 shows the volumetric strains (ε v ) (negative compression) behaviour at
various f and σ' 3 with N. At σ' 3 = 120 kPa, ε v is compressive for all f and it increases
with increase in f and N. At all frequencies, when the sample experiences a decrease
in confining pressure, it dilates rapidly for initial 1000 cycles followed by a stable ε v .
Figure 4.14 plots the final volumetric strains (ε vf ) against σ' 3 for different f. The
figure provides a holistic effect of f and σ' 3 on ε v . It is quite clear that the ballast
sample experiences more compression at all f when σ' 3 increases and this observation
confirms the results reported by Lackenby et al (2007) for 20 Hz frequency.
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Figure 4.12 Trend of variation of final axial strain (ε af ) at various frequencies (f) with
confining pressure (σ' 3 )

Figure 4.13 Effect of variation of confining pressure (σ' 3 ) on volumetric strain (ε v ) at
various frequencies (f) with number of Cycles (N)
In addition, a relationship between ε vf and σ' 3 was found which can be expressed as:
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ε vf (% ) = a ln (σ ' ) + b
3

(4.4)

where a and b are material constants tabulated in Figure 4.13 for various f.

Figure 4.14 Trend of variation of final volumetric strain (ε vf ) at various frequencies
(f) with confining pressure (σ' 3 )

4.3.2

Resilient Modulus

Figure 4.15 illustrates the effect of f and σ' 3 on M r with N. For a particular f and σ' 3
(such as 10 Hz and 120 kPa), M r initially increases rapidly and becomes almost
constant after application of a few thousand cycles (e.g. 10,000 cycles). This initial
rapid increase in M r can be attributed to cyclic densification phenomenon (Figures
4.11 and 4.13) where ballast particles rearrange and break in order to achieve stable
orientation.

Selig and Alva-Hurtado (1982) reported that a reduction in recoverable axial strain
(ε a,rec ) with each successive cycle and subsequent increase in M r can be attributed, at
least partly, to densification from cumulative ε v . This type of behaviour can be seen
at all f and σ' 3 . With respect to an increase in f, M r is found to decrease. But M r
increases as σ' 3 increases. When a final constant value of resilient modulus (M rf )
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after 25,000 cycles at various f is plotted against σ' 3 (Figure 4.16), a linear
relationship between M rf and σ' 3 is observed. The relationship can be expressed as:

M rf = aσ 3' + b

(4.5)

where a & b are material parameters tabulated in Figure 4.16 for different f.

Figure 4.15 Effect of variation of confining pressure (σ' 3 ) on resilient modulus (M r )
at various frequencies (f) with number of cycles (N)
Final settlement (final axial strain, ε af ) and final resilient modulus (M rf ) of the
granular layers are more important parameters for practising engineers. Therefore,
these two parameters were plotted in Figure 4.17. It is quite interesting to see that a
unique relationship between ε af and M rf is observed regardless of σ' 3 & f, and the
relationship can be expressed by:

ε af (%) = aM rf + b

(4.6)

where a & b are empirical constants determined from laboratory data. In this case,
value of a and b are -0.20 and 48.58 respectively with R2 > 90%.
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Figure 4.16 Trend of variation of final resilient modulus (M rf ) at various frequencies
(f) with confining pressure (σ' 3 )

Figure 4.17 Relation between final resilient modulus (M rf ) and final axial strain (ε af )
Equation 4.6 can be used to estimate the required resilient modulus of the track for a
given track deformation level. Furthermore, Figure 4.17 clearly suggests that a
higher resilient modulus results in less track deformation. For example, if one wants
to design the track for a given deformation, say 10 % of the ballast thickness then it
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is necessary to have the track resilient modulus around 200 MPa. To achieve M r =
200 MPa, minimum lateral confinement should be around 40 kPa, 75 kPa and 110
kPa for operating the train at 10 Hz, 20 Hz and 40 Hz frequencies as illustrated in
Figure 4.16. If appropriate σ' 3 is not applied to the ballast layer and the train speed
increases, the track is anticipated to suffer severe and undesirable deformation.
Various methods of increasing track confinement have been discussed by Lackenby
et al. (2007), such as preventing lateral ballast flow using containing sheets at the
shoulders or geosynthetics at the ballast/capping interface, redesigning the sleeper
shape to reduce ballast flow (winged precast concrete sleepers), etc.

4. 4

Chapter Summary

Chapter 4 presented the results of laboratory experiments relating to the influence of
frequency on ballast behaviour during cyclic loading. The experimental results
highlight that frequency of cyclic loading has a significant influence on the
permanent deformation and degradation of ballast particles. Permanent deformation
and degradation increases with the frequency and number of cycles. However, within
the 20 Hz ≤ f ≤ 30 Hz zone, cyclic densification is observed without any significant
ballast breakage. Majority of ballast breakages are observed during the initial cycles
of loading. A relationship between ε a , f, and N has been proposed as following:

ε ar = a +

b
c
0.5 +
N
N2

(4.7)

ε a1 = a1 + b1 f

(4.8)

where a, b, c, a 1 , and b 1 are empirical material constants.
Breakage and particle size vulnerability have been examined through colouring of
ballast particles and it is found that large size particles breaks more readily than
smaller size particles. Also, breakage of all size particles increases with an increase
in frequency. Furthermore, the colouring and counting of the particles revealed that
corner breakage and abrasion are the dominant mechanism for particle degradation
during cyclic loading.
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In addition, large-scale drained cyclic triaxial tests were also conducted at various
confining pressures and frequencies to assess the minimal lateral confinement
required to operate the train at high speed effectively. It has been confirmed that both
the frequency and confining pressure have considerable influence on track
deformation. Axial and volumetric strains are found to increase with an increase in
frequency and number of cycles. Axial strains are, however, found to be decreasing,
volumetric strains are observed to be increasing with elevating confining pressures.
Resilient modulus is found to be increasing with an increase in confining pressure
and number of cycles but decreasing with increasing frequency. Also, the results
confirm that there should be a minimum lateral confinement in order to maintain the
track within a given deformation limits. An empirical method of estimating
minimum lateral confining pressure and resilient modulus for a given level of
permanent deformation at various train speeds has been illustrated.
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5 DISCRETE ELEMENT MODELLING OF BALLAST
5. 1

Introduction

This chapter presents a general literature review on the discrete element method
(DEM) emphasizing the uses of particle flow code in two dimension (PFC2D) in
modelling granular materials. Recent applications of DEM in simulating soil
behaviour (especially ballast) have also been presented. Use of PFC2D in modelling
real ballast particles has been described followed by an explanation of sample
preparation for cyclic test simulations. The results of DEM simulations have also
been discussed in detail.

The numerical simulations have been carried out in two parts. First at various
frequencies (f = 10, 20, 30 & 40 Hz) keeping a constant confining pressure of 60 kPa
which is similar to the cyclic triaxial tests conducted in this study. Second set of tests
have been simulated at various confining pressures (σ' 3 = 10 to 240 kPa) and a
particular frequency of 20 Hz. Data such as axial strain (ε a ), number of cycles (N),
bond breakage (Br) and axial deviatoric stress (σ d ) were recorded for every cycle.
Importance of particle breakage on the ballast behaviour has been explored followed
by particle breakage mechanism.

5. 2

Discrete Element Method and PFC2D

The interaction of the particles is treated as a dynamic process in the discrete element
method (DEM). The state of equilibrium is developed whenever the internal forces
balance. The contact forces and displacements of a stressed assembly of particles are
calculated by tracing the movements of the individual particles. Specified wall and
particle motion and/or body forces cause disturbance to the particle system resulting
in the movements of the particle (Itasca 2003).

The dynamic behaviour of a system of particles is represented numerically by an
explicit time stepping algorithm, using a central-difference scheme to integrate
accelerations and velocities. The DEM is based upon the idea that the time step
chosen may be so small that, during a single time step, disturbances cannot propagate
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from any particle further than its immediate neighbours. The forces acting on any
particle are determined by its interaction with the neighbouring particles with which
it is in contact at all times. Since the speed at which a disturbance can propagate is a
function of the physical properties of the discrete system, the time step can be chosen
to satisfy the above constraint. The simulation of nonlinear interaction of a large
number of particles without excessive memory requirements or the need for an
iterative procedure is possible because of the use of an explicit, as opposed to an
implicit, numerical scheme (Itasca 2003).

The calculations performed in the DEM alternate between the application of
Newton’s second law to the particles and a force-displacement law at the contacts.
Newton’s second law is used to determine the motion of each particle arising from
the contact and body forces acting upon it, while the force-displacement law is used
to update the contact forces arising from the relative motion at each contact.
PFC2D models the movement and interaction of stressed assemblies of rigid circular
particles using the DEM (Itasca 2003). The discrete particles displace independently
from one another and interact only at contacts or interfaces between the particles.
The particles are assumed to be rigid and have negligible contact areas. The
behaviour at the contacts uses the soft contact approach allowing the rigid particles to
overlap one another at contact points. Because of the impractical computational time,
the critical time step calculated for the time stepping algorithm in PFC2D is not equal
to the minimum Eigen-period of the total system. PFC2D uses a simplified procedure
such that a critical time step is calculated for each particle and for each degree of
freedom assuming that all degrees of freedom are uncoupled. The final critical time
step is the minimum of all the calculated critical time steps. The actual time step used
in any calculation cycle is then taken as a fraction of this estimated critical value.
PFC2D enables the investigation of features that are not easily measured in the
laboratory tests such as inter-particle contact forces, co-ordination numbers, and the
distribution of normal contact vectors. Furthermore, it is possible to create bonded
particles into clusters and simulate fracture when the bonds break (Itasca 2003).
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5.2.1

Calculation Cycle

The calculation cycle in PFC2D is a time stepping algorithm that consists of the
repeated application of the law of motion to each particle, a force-displacement law
to each contact, and a constant updating of wall positions (Itasca 2003). Contacts,
which exist between two particles or between a particle and a wall, are formed and
broken automatically during the course of a simulation. The calculation cycle is
illustrated in Figure 5.1.

update particle + wall positions and set of contacts

Force-Displacement Law
(applied to each contact)
• relative motion
• constitutive law

Law of Motion
(applied to each particle)
• resultant force + moment

contact forces

Figure 5.1 Calculation cycle in PFC2D (adopted from Itasca 2003)

The set of contacts is updated from the known particle and wall positions at the start
of each time step. The force-displacement law is then applied to each contact to
update the contact forces based on the relative motion between the two entities at the
contact and the contact constitutive model. Next, the law of motion is applied to each
particle to update its acceleration, velocity and position based on the resultant force
and moment arising from the contact forces and body forces acting on the particle
such as gravity. Finally, the wall positions are updated based on the specified wall
velocities (Itasca 2003).

The action of one entity on the other is termed as contact force vector F i and can be
determined by adding the normal and shear force vectors at the contact as:

Fi = Fi n + Fi s

(5.1)
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where F i n and F i s are the normal and shear contact force vectors respectively. The
normal contact force vector is determined by the overlap between two contacting
entities as:

Fi n = K nU n ni

(5.2)

where Kn is the normal stiffness at the contact, Un is the overlap of the two contacting
entities and n i is the unit normal vector directed along the line between particle
centres, for the particle to particle contact, or directed along the line defining the
shortest distance between the particle centre and the wall, for particle to wall contact
(Itasca 2003).

The shear contact force is calculated in a more complicated manner because it is
computed in an incremental fashion. When a contact is formed, the total shear force
at that contact is set to zero. Relative shear displacement at the contact point of the
two contacting entities causes an increment in shear force to develop at the contact.
This increment in shear force is calculated by considering the relative velocity, which
is defined as the contact velocity V i between the two entities at the contact point.
This contact velocity is a function of translational velocity and the rotational velocity
of the two contacting entities. The shear component of this contact velocity is used to
determine the incremental shear displacement and is given by:

∆U is = Vi s ∆t

(5.3)

where ΔU i s is the increment in shear displacement, V i s is the shear component of the
contact velocity and Δt is the critical time step. The increment in shear force due to
the increment in shear displacement is given by:

∆Fi s = − K s ∆U is

(5.4)
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where ΔF i s is the increment in shear force and Ks is the shear stiffness at the contact.
Finally, the new shear force at the contact is found by summing the current elastic
shear force at the contact with the increment in shear force as:

{ }

Fi s = Fi s

current

{ }

where Fi s

+ ∆Fi s

current

(5.5)

is the current elastic shear force. The current elastic shear force is

updated every time step to take account of the motion of the contact. The new total
resultant forces and moments on the two contacting entities are used in the next time
step to calculate the accelerations via Newton’s second law, which are integrated
through the time-stepping scheme to give velocities and displacements.

The motion of a single rigid particle is determined by the resultant force and moment
vectors acting upon it. This can be described in terms of the translational and
rotational motion of the particle. The equations of motion can be expressed as two
vector equations, one of which relates the resultant force to the translational motion
and the other of which relates the resultant moment to the rotational motion. The
equation for translational motion can be written in the vector form as:
Fi = m(xi − g i )

(5.6)

where F i is the sum of all externally applied forces acting on the particle, m is the
mass of the particle, xi is the acceleration of the particle at the centre of mass, and g i
is the body acceleration vector. The equation for rotational motion can be written in
the vector form as:
M i = Iω i

(5.7)

where M i is the resultant moment acting on the particle, I is the moment of inertia of
the particle about its centre of gravity and ω i is the angular acceleration of the
particle.
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The equations of motion given by equations 5.6 and 5.7 are integrated twice at each
time step using a centred finite-difference procedure for each particle to provide
updated velocities and new positions. The translational velocity xi and angular
velocity ωi are calculated at the mid-intervals of t ± nΔt/2 where n is a positive
integer, and the position x i , translational acceleration xi , angular acceleration ω i ,
resultant force F i and resultant moment M i , are computed at the primary intervals of
t ± nΔt. The translational and rotational accelerations at time t are calculated as:

(

)

xit =

1 (t + ∆t / 2 )
xi
− xi(t − ∆t / 2 )
∆t

ω it =

1 (t + ∆t / 2 )
ωi
− ωi(t − ∆t / 2 )
∆t

(

(5.8)

)

(5.9)

The translational and rotational velocities at time (t+Δt/2) are computed by inserting
Equations 5.8 and 5.9 into Equations 5.6 and 5.7 as:

 Ft

xi(t +∆t / 2 ) = xi(t −∆t / 2 ) +  i + g i ∆t
m

 M it
 I

ωi(t +∆t / 2 ) = ωi(t −∆t / 2 ) + 

(5.10)


∆t


(5.11)

Finally, the velocities in Equation 5.10 and 5.11 are used to update the position of the
particle centre and are expressed as:
xi(t +∆t ) = xit + xi(t +∆t / 2 )∆t

(5.12)

The values of resultant force F i t and moment M i t on a particle are determined using
the force-displacement law using the translational velocity xi(t − ∆t / 2 ) and angular
velocity ωi(t − ∆t / 2 ) of the last calculation cycle. Equations 5.10 and 5.11 is then used to
obtain xi(t − ∆t / 2 ) and ωi(t − ∆t / 2 ) for the next calculation cycle. The new particle position
xi(t +∆t ) is obtained using equation 5.12. The force-displacement law is again used to
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compute the values of F i (t+Δt) and M i (t+Δt) for the next cycle. This law of motion is
repeated for every cycle.
5.2.2

Contact Constitutive Model

The overall constitutive behaviour of a material is simulated in PFC2D by using a
simple constitutive model with each contact. The constitutive model acting at a
particular contact consists of three parts: a stiffness model consisting of a linear or a
simplified Hertz-Mindlin Law contact model, a slip model, and a bonding model
comprising of a contact and parallel bond model (Itasca 2003).

The stiffness model relates the contact forces and relative displacements in the
normal and shear directions through the force-displacement law. Two types of
contact stiffness models are available in PFC2D: a linear model and a simplified
Hertz-Mindlin model. The linear contact model is defined by the normal and shear
stiffnesses k n and k s (force/displacement) of the two contacting entities, which can be
either two particles or a particle and a wall. The normal stiffness is a secant stiffness,
which relates the total normal force to the total normal displacement, while the shear
stiffness is a tangent stiffness, which relates the increment of shear force to the
increment of the shear displacement. It has been assumed that the stiffnesses k n and
k s of the two contacting entities act in series. As a result, the contact normal and
shear stiffnesses Kn and Ks are computed as:

Kn =

k n[ A]k n[B ]
k n[ A] + k n[B ]

(5.13)

Ks =

k s[ A]k s[B ]
k s[ A] + k s[B ]

(5.14)

where superscripts [A] and [B] denote the two entities in contact.

The simplified Hertz-Mindlin model is defined by the elastic properties of the two
contacting particles: i.e. shear modulus G and Poisson’s ratio ν. When the HertzMindlin model is activated in PFC2D, the normal and shear stiffnesses are ignored
and walls are assumed to be rigid. Hence, only the elastic properties of the particle
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are used for particle to wall contacts and the mean values of the elastic properties of
the two contacting particles are used for the particle to particle contacts. As tensile
force is not defined in Hertz-Mindlin model, the model is not compatible with any
type of bonding model. Also, PFC2D does not allow contact between a particle with
the linear model and a particle with the Hertz-Mindlin model (Itasca 2003).

On the other hand, the slip model limits the shear force between two contacting
entities. A particle and a wall can each be given a friction coefficient μ at the contact
which is taken to be the smaller of the values of the two contacting entities. The slip
model is deactivated in the presence of a contact bond and is automatically activated
when the bond breaks. The maximum elastic shear force Fs max that the contact can
sustain before sliding occurs is given by:

s
= µ Fi n
Fmax

(5.15)

where F i n is the normal force at the contact. If the shear force at the contact
calculated by equation 5.15 exceeds this maximum elastic shear force, the magnitude
of the shear force at the contact will be set equal to Fs max . When μ = 0, the two
contacting entities slip at all times because elastic shear force cannot be sustained.
The bonding model in PFC2D allows balls to be bonded together to form arbitrary
shapes. There are two types of bonding model in PFC2D: a contact-bond model and a
parallel-bond model. The contact-bond model is a simple contact bond which can
only transmit force and is defined by two parameters: the normal contact bond
strength F c n and shear contact bond strength F c s. A contact bond can be considered
as a point of glue with constant normal and shear stiffness at the contact point (Itasca
2003). Figure 5.2 shows the constitutive behaviour relating the normal and shear
components of contact force and relative displacement for particle contact occurring
at a point. The contact bond breaks if either the magnitude of the tensile normal
contact force or the shear contact force exceeds the given bond strength. Thus, the
shear contact force is limited by the shear contact bond strength instead of the
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maximum elastic shear force given by equation 5.15. As a result, either the contactbond model or the slip model is active at any given time at a contact (Itasca 2003).

A parallel bond (PB) approximates the physical behaviour of a cement-like substance
joining the two particles. The constitutive behaviour of the parallel bond is also
similar to that of the contact bond as shown in Figure 5.2. During loading, the
parallel bonded particles develop force and moment within the bond due to a relative
motion between the particles. The total force and moment associated with the parallel
bond are denoted by Fi and M i and can be resolved into normal and shear
components with respect to the contact plane as:
Fi = Fi n + Fi s

(5.16)

M i = M in + M is

(5.17)

where Fi n , Fi s , M in , M is are normal and shear component vectors respectively and
are shown in Figure 5.3. The maximum tensile and shear stresses acting on the
periphery of the bond are then given by:

σ max =

τ max =

-F n | M |
+
R
A'
I

(5.18)

|Fs |
A'

(5.19)

where σ max and τ max are the maximum tensile and shear stresses acting on the
periphery of the bond, F n and F s are the normal and shear forces acting on the
bond, M is the moment acting on the bond, R is the radius of the bond, and A' and I
are the area and moment of inertia of the cross section of the bond.
5.2.3

Wall Control

Generally load application PFC2D is strain-controlled and applied by specifying wall
velocity. To apply stress-controlled loading, a numerical servomechanism needs to
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be implemented. To do so, the wall velocity is adjusted in a diminishing manner as
the stress on the wall approaches the target stress.

(a) Normal component of contact force

(b) Shear component of contact force
Figure 5.2 Constitutive behaviour for contact occurring at a point (a) Normal
component of contact force, (b) Shear component of contact force
(adopted from Itasca 2003)
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The wall velocity u ( w ) for each time-step is a function of the difference between
measured stress σmeasured and required stress σrequired on the wall, and a ‘gain’
parameter G and is given by:

(

u ( w ) = G σ measured − σ required

)

(5.20)

Figure 5.3 Parallel bond depicted as a finite-sized piece of cementatious material
(adopted from Itasca 2003)
The maximum increment in wall force ΔF(w) arising from the wall moving with a
velocity u ( w ) in one time-step Δt is given by:
∆F ( w ) = k n( w ) N cu ( w )∆t

(5.21)
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where N c is the number of contacts on the wall and k n (w) is the average normal
stiffness of these contacts. Thus, the change in mean wall stress Δσ(w) due to this
maximum increment in wall force is computed as:

∆σ ( w ) =

k n( w ) N c u ( w )∆t
A

(5.22)

where A is the wall area. Equation 5.21 gives the maximum increment in wall force
ΔF(w) for same number of contacts because it does not consider movement of the
particles at the contacts: i.e. it assumes that the particles in contact with the wall are
stationary. Hence, when loading an assembly of particles, this maximum increment
in wall force is unlikely to be achieved because the particles are moving, unless the
assembly is extremely stiff. However, there is always a possibility that new contacts
occur within a time-step or before updating the gain parameter, which is performed
every specified number of cycles by updating the number of contacts on the wall.
This might cause the increment in wall force to exceed the maximum increment in
wall force calculated by equation 5.21. If this happens and the target stress is
exceeded, this may lead to an unbounded oscillation about the target stress, which
leads to instability of the system. Hence, a relaxation factor α is introduced to make
sure that the absolute value of the change in wall stress is less than the absolute value
of the difference between the measured and the target stresses and is given by:
∆σ ( w ) < α ∆σ

(5.23)

where Δσ is the difference between the measured and target stresses and α < 1.
Substituting equations 5.20 and 5.22 into equation 5.23 gives:
k n( w ) N cG ∆σ ∆t
< α ∆σ
A

(5.24)

and the gain parameter G is determined as:
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G=

αA

(w )

k n N c ∆t

(5.25)

The servomechanism can also be used to keep the pressure on the wall constant such
as constant confining pressure during a test simulation.

5. 3

Modelling Particle Shape in PFC2D

Due to the limited computational power, circular particles in two-dimension were
used to model the granular materials in the early discrete element analysis (Cundall
and Strack 1979; Ting et al. 1989; Bathurst and Rothenburg 1990; Bardet and
Proubet 1991; Iwashita and Oda 1998). These studies reported that insights into the
micro mechanics governing the response of real granular materials can be obtained
from two-dimensional simulations. Laboratory tests, however, clearly showed that
the responses for two-dimensional and three-dimensional particles under similar
boundary conditions are different (Thomas 1997). Many researchers (Thornton 2000;
Suiker and Fleck 2004; Cui and O’Suillivan 2006; Bolton et al. 2008; Lu and
Mcdowell 2010) used spherical elements to model behaviour of granular material in
recent years as computational power has increased significantly. As three
dimensional simulations model real granular materials, more valuable information
was obtained from these models.

It is well known that the natural grains (e.g. sand and gravel) are of an irregular
shape and size. Therefore, many researchers (Lim and McDowell 2005; Lu and
McDowell 2006; Hossain et al. 2007; Ben-Nun and Einav 2008; Bolton et al. 2008;
Indraratna et al. 2010; Lu and Mcdowell 2010) used irregular particles to investigate
soil behaviour. Mitchell (1993) pointed out that it is typical for sands to have more
than half of their particles with a ratio of length to width more than 1.4. Irregular
shaped particles can provide interlocking and extra moment resistance. The perfectly
circular/spherical shape of the idealised particles makes them tend to roll
excessively. As a result, a lower overall strength for an assembly of circular/spherical
particles was commonly observed. Besides, sphericity also has a significant effect on
the volumetric strain and the maximum dilation angle (Frossard 1979). Two major
methods used to simulate the particle shape in PFC2D are presented next.
103

5.3.1

Cluster Logic

The circular particles can be packed together into bonded clusters that resemble
angular shapes or blocks. These clusters can interact with each other and
approximate the behaviour of a blocky system. Clusters can represent natural
structures, such as a blocky rock mass or artificial structure, such as a tunnel lining or
cable reinforcement (Itasca 2003). Circular particles can be bonded together at
contacts to form clusters. Two bonding models are supported in PFC2D: a contactbond model and a parallel-bond model. Both bonds can be imagined as a kind of glue
joining the two particles. The contact-bond glue is of a vanishingly small size that
acts only at the contact point, while the parallel-bond glue is of a finite size that acts
over either a circular or rectangular cross-section lying between the particles. The
contact bond can only transmit a force, while the parallel bond can transmit both a
force and a moment (Itasca 2003).
5.3.2

Clump Logic

A clump behaves as a rigid body (i.e., the particles comprising the clump remain at a
fixed distance from each other). Contacts internal to the clump are skipped during the
calculation cycle, resulting in a saving of computer time compared to a similar
calculation in which all contacts are active. However, contacts with particles external
to the clump are not affected (i.e., such contacts develop when the particles
comprising the boundary of a clump come into contact with other particles). Particles
within a clump may overlap to any extent; contact forces are not generated between
these particles, but any contact forces that exist when the clump is created or when a
particle is added to the clump are preserved unchanged during cycling. Thus, a clump
acts as a rigid body (with a deformable boundary) that does not break apart,
regardless of the forces acting upon it. In this sense, a clump differs from a group of
particles that are bonded to one another (i.e. Cluster) (Itasca 2003).
The basic mass properties i.e. total mass m, location of the centre of mass x i [G], and
moments and products of inertia I ii and I ij of a clump are given by:

Np

m = ∑ m[ p ]
p =1

(5.26)
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1 p
= ∑ m[ p ] xi[ p ]
m p=1

(5.27)
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p
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I ii = ∑ m[ p ] x[j p ] − x[jG ] x[j p ] − x[jG ] + m[ p ] R[ p ] R[ p ]  ; (j ≠ i)
5

p =1 

N

Np

I ij = ∑ m[ p ] xi[ p ] − xi[G ] x[j p ] − x[jG ] ; (j ≠ i)
p =1

where N p is the number of particles in the clump, m[p] is the mass of a particle, R[p] is
the radius of a particle and x i [p] is the centroid location of a particle.

5. 4

Simulating Breakage in PFC2D

Limited studies have been carried out using the Discrete Element Method (DEM) to
investigate the behaviour of ballast capturing breakage (Lim and McDowell 2005;
Lobo-Guerrero and Vallejo 2006; Lu and McDowell 2006; Hossain et al. 2007).
Most original DEM applications do not allow particle breakage (Cundall and Strack
1979). Therefore, various modelling techniques have been adopted by researchers to
simulate particle breakage. First method is to treat each particle as a cluster of
bonded smaller particles. The bonds which hold the particles in a cluster together can
disintegrate during cyclic loading represent breakage. This approach has been
adopted by Harireche and McDowell (2003), Cheng et al. (2004), Lim and
McDowell (2005), Lu and McDowell (2006), Bolton et al. (2008) and others. The
second method of simulating particle breakage is to replace the particles fulfilling a
predefined failure criterion with an equivalent set of smaller particles, as adopted by
Lobo-Guerrero and Vallejo (2006), Hossain et al. (2007), and Ben-Nun & Einuv
(2008).

Figure 5.4 shows the agglomerate in single particle crushing test simulation
(McDowell and Harireche 2002). They showed that it is possible to reproduce the
average strength of agglomerates as a function of size and the correct statistical
distribution of strengths for a given size so that the strengths followed the Weibull
distribution. McDowell and Harireche (2002) then used these agglomerates to model
one dimensional compression tests on silica sand. The results from these simulations
showed that yielding coincided with the onset of bond fracture, consistent with the
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hypothesis by McDowell and Bolton (1998) that yielding is due to the onset of
particle breakage.

Figure 5.4 Final fractures of a typical 0.5 mm diameter agglomerate showing intact
contact bonds (adopted from McDowell and Harireche 2002)

Figure 5.5 Idealisation of the induced tensile stress and arrangement of the produced
fragments (adopted from Lobo-Guerrero and Vallejo 2006)

Lobo-Guerrero and Vallejo (2006) proposed a method to model particle crushing in
two-dimensional simulations. In their method, they postulated that the breakage
criterion applies only to a particle having a coordination number smaller than or
equal to three and that the real loading configuration is as shown in Figure 5.5a
which is equivalent to that obtained in a diametrical compression test as shown in
Figure 5.5b. When the internal tensile stress of the particle is greater than its tensile
strength, the particle is fractured into eight smaller particles (Figure 5.5c).
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5. 5

Use of PFC2D in Ballast Modelling

Since railway ballast generally comprises large particles of sizes 19 - 60 mm, it is
difficult to treat such a material as a continuum. DEM provides insight into the micro
mechanical behaviour of railway ballast. The mechanical behaviour of railway
ballast in various test conditions has been simulated by many researchers (Lim and
McDowell 2005; Lobo-Guerrero and Vallejo 2006; Lu and McDowell 2006;
McDowell et al. 2006; Hossain et al. 2007; Lu and Mcdowell 2010). Recent works
on discrete element modelling of ballast are presented next.
Lim and McDowell (2005) carried out a series of simulations using PFC3D on single
particle crushing tests for railway ballast using agglomerates of bonded particles.
They found that the distribution of strengths correctly followed the Weibull
distribution and the size effect on average strength was consistent with that measured
in the laboratory. Lim and McDowell (2005) also simulated oedometer tests on
crushable ballast particles using agglomerates of bonded particles. Compared with
experimental results, they reported that the yield stress for the agglomerates was less
than that for the real ballast. They indicated that the difference of results between
laboratory tests and simulations was due to the spherical shape of the agglomerates,
which leaded to columns of strong force in the simulated sample.

Box tests were also simulated by Lim and McDowell (2005) to study the mechanical
behaviour of ballast subjected to traffic loading. Each ballast particles was modelled
comprising spheres and eight-particle clumps. Clumps were used to investigate the
effect of interlocking of ballast. Also, the influences of particle shape on the resilient
and permanent deformation of the ballast were investigated. They reported that the
eight-particle clumps provided particle interlocking and produced more realistic
mechanical behaviour under repeated loading. A similar conclusion was drawn by
McDowell et al. (2006) when they used both spheres and eight-particle cubic clumps
in simulations of large-scale triaxial experiments. McDowell et al. (2006) pointed out
that dilation rather than contraction was observed at high confining pressures because
of not considering breakage in their simulations, compared to the experimental
results reported by Indraratna et al. (1998).
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Figure 5.6 Permanent deformation of the ballast layer versus number of cycles,
crushable ballast (adopted after Lobo-Guerrero and Vallejo 2006)

Lobo-Guerrero and Vallejo (2006) studied the effect of crushing on railway ballast in
a simulated track section by using circular particles. They applied two hundred
cycles of loading to the ballast bed consisting of circular particles through three
simulated sleepers. They used particle breakage criteria as explained in section 5.4
above by Lobo-Guerrero and Vallejo (2006) in their simulations. They reported that
when particle crushing was considered, permanent deformation increased
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significantly and the particle crushing was concentrated beneath the simulated
sleepers (Figure 5.6). The effect of particle shape was, however, not considered in
their simulations.

Hossain et al. (2007) studied the effect of angular ballast breakage on the stressstrain behaviour of railway ballast under different confining pressures using DEM
test simulations. Two dimensional angular shaped clumps were used in their
simulations to model particle interlocking. Similar to the method introduced by
Lobo-Guerrero and Vallejo (2006), particle crushing was simulated by releasing
particles from the clump when the internal tensile stress induced by contact forces
was greater than or equal to 10 MPa. Hossain et al. (2007) showed that particle
breakage had significant influence on both the axial and the volumetric strains.

Lu and McDowell (2010) modelled ballast using clumps of spheres (Figure 5.7).
They formed the clumps from ten particles in a tetrahedral shape. Breaking of small
asperities from the clumps during loading was simulated as particle breakage. Using
those clumps, they simulated static and cyclic triaxial tests and compared the results
with existing experimental data. They also simulated tests using uncrushable clumps
to highlight the important role of asperity abrasion. Although the static test results
were somewhat comparable, the cyclic test results were only qualitative. Also the
number of cycles simulated was limited to 100 cycles. Moreover, the simulated
ballast particles were of the identical shapes and sizes.

Figure 5.7 Ten-particle triangular clump with eight small particles bonded as a
ballast particle model (adopted from Lu and McDowell 2010)
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5. 6

Modelling Ballast Particles in PFC2D

A novel approach has been used to model an identical two dimensional (2D)
projection of the ballast particles. The ballast particles were separated into five
different sieve sizes, (i) passing 53 mm and retaining 45 mm, (ii) passing 45 mm and
retaining 37.5 mm, (iii) passing 37.5 mm and retaining 31.5 mm, (iv) passing 31.5
mm and retaining 26.5 mm, and (v) passing 26.5 mm and retaining 19 mm. Fifteen
representative ballast particles (3 from each sieve size range) of different shapes
(almost rectangular, circular and triangular) were selected. The photographs of each
of the selected ballast particles were taken from the same elevation so that their size
remains the same (Table 5.1).

All of these images were then imported into AutoCAD in a single layer. The scale of
the drawing was chosen in such a way that the images represent the true size of
ballast. The images were then filled with tangential circles in another layer and every
circle was given an identification number (ID). After this the ID, the radius and the
central coordinates of each circular particle was extracted from AutoCAD in order to
generate particles in PFC2D.

An inventory of these particles was then created in AutoCAD by converting the
group of circles representing a single ballast particle into a ‘Block’ (a Block is a
single object made from a combination of a number of objects). This procedure was
used to model the irregular ballast particles. Table 5.1 shows the picture of typical
ballast particles created for the numerical simulation. These irregular particles were
assigned name such as R1, R2, R3 etc.

A 300mm wide × 600 mm high cell, similar in size to the laboratory equipment, was
generated for the numerical simulation program. This cell was then filled with the
irregular ballast particles described above. In order to achieve the specified porosity,
the cell was then filled with some more circular particles (filler particles). These
irregular particles and filler particles were then assigned an ID number. The centre of
the cell was made the local origin and then the radius and coordinates of each block
of particles and filler particles were recorded. The limitation of using circular
particles and clumped circles is that it may not be possible to achieve same high
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frictional properties and good interlock as opposed to considering actual irregular
shapes polyhedron discrete element particles.

Table 5.1 Representative ballast particles for the DEM simulation (after Indraratna et
al. 2010)
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5. 7

Sample Preparation

Subroutines were developed (using the FISH Language) in PFC2D after gathering the
ID, radius, and coordinates of the centre of each circular particle representing
irregular ballast particles and the filler particles. These subroutines were used in the
main program to generate irregular ballast particles. A typical sample considered for
the cyclic tests is shown in Figure 5.8.

5.23

Figure 5.8 Initial assembly for the cyclic test simulations in PFC2D (after Indraratna
et al. 2010)

The properties assigned for the particles in this simulation are tabulated in Table 5.2.
A linear contact model was used for the numerical simulation program. The sample
generated was given a confining pressure of 60 kPa. Then the specimen was cycled
to bring it into an isotropic stress state until the ratio of mean unbalanced force to
mean contact force or the ratio of maximum unbalanced force to maximum contact
force reached 0.005.

In order to prevent particle breakage during compaction stage, the ballast particles
were treated as clumps during isotropic stress installation. After the isotropic stress
state, the clumps were released and parallel bonds (PB) were installed to represent
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breakable particles. The two side walls, which can be numerically controlled by a
servo, were used to apply a constant confining pressure (σ' 3 ) of 60 kPa.

Table 5.2 Micromechanics Parameters used in the DEM Simulations (after Indraratna
et al. 2010)
Micromechanics Parameters

Values

Particle density (kg/m3)

2500

Radius of particles (m)

16 × 10-3 – 1.8 × 10-3

Interparticle & wall friction

0.25

Particle normal & shear contact stiffness (N/m)

3 × 108

Side wall Stiffness (N/m)

3 × 107

Top & bottom wall stiffness (N/m)

3 × 108

Parallel bond radius multiplier

0.5

Parallel bond normal & shear stiffness (N/m)

6 × 1010

Parallel bond normal & shear strength (N/m2)

5 × 106

5. 8

Cyclic Test Simulation and Calibration

In this study, laboratory experiments were conducted for 100,000 cycles using largescale cyclic triaxial equipment to understand cyclic densification and breakage of
ballast at various frequencies. It was observed that the ballast attains
stable/shakedown condition after 10,000 cycles. Lackenby et al. (2007) conducted
cyclic triaxial testing on ballast for 500,000 cycles at different confining pressures
and reported similar observation. Although the number of cycles applied in cyclic
triaxial tests is in the range of 100,000 to 500,000, the major ballast deformation and
breakage take place in first 1,000 cycles (Figure 4.7, Chapter 4). Therefore, all the
DEM simulations in present investigation were carried out for 1,000 cycles to
capture the deformation and breakage mechanism during cyclic loading.

While discrete element methods are powerful tools for numerical analysis in
Geomechanics, it is important to appreciate their limitations. The huge computational
time was one of the major factors for considering 1000 number of cycles for the
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DEM simulations. The computational time is not only dependent on the number and
the size of the particles but also on the speed/memory of a computer. Currently, the
available speed and memory of the computers allow only fewer numbers of particles
simulations for small number of loading cycles in the stipulated time-frame and also
to ensure numerical stability.

A subroutine was developed to apply a stress-controlled cyclic test at the desired
frequency (f) and amplitude of cyclic loading. Figure 5.9 shows a typical sinusoidal
loading curve represented in the form of an applied cyclic deviatoric stress (q cyc )
with time (Mean = 232 kPa; Amplitude = 374 kPa) for a frequency of 10 Hz. Figure
5.10 shows a typical response of the sample presented as an axial deviatoric stress
(σ d ) versus axial strain (ε a ). It is evident from Figure 5.10 that the response of the
ballast during cyclic loading is very similar to that obtained in the laboratory
experiments (Selig and Waters 1994; Zeghal 2004). Cyclic tests at a frequency of 10,
20, 30 and 40 Hz were simulated. Data such as axial strain (ε a ), number of cycles
(N), bond breakage (Br), and axial deviatoric stress (σ d ) were recorded for every
cycle.

Figure 5.9 A typical deviatoric stress (σ d ) applied for 10 Hz frequency (after
Indraratna et al. 2010)
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Figure 5.10 Axial deviatoric stress (σ d ) vs axial strain (ε a ) response at 10 Hz
frequency (after Indraratna et al. 2010)

Figure 5.11 Calibration of cyclic test results (after Thakur et al. 2010b)
Figure 5.11 shows the comparison of ε a obtained in the DEM with the experimental
results that were conducted by the author at the University of Wollongong using
large-scale cyclic triaxial equipment. The DEM results are in good agreement with
the experimental results. After calibrating the model, it has been used to study ballast
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behaviour under various frequencies and confining pressures followed by
investigation of micromechanical behaviour pertinent to breakage.

5. 9

Cyclic Test Simulation at Various Frequencies

5.9.1

Permanent Deformation

Figure 5.12 presents the variation of axial strain (ε a ) at various frequencies (f) with
number of cycle (N) obtained from the DEM simulations. Permanent deformation
presented in this study is total axial strain (i.e. sum of recoverable and irrecoverable
strains) observed during DEM simulations and laboratory experiments. The
laboratory triaxial experimental results have also been presented in this figure for
comparison. It is evident from the Figure 5.12 that the DEM simulation captured the
ε a behaviour of the ballast during cyclic loading very similar to the laboratory
experiments. It was again confirmed by the numerical testing that the frequency of
cyclic loading (f) has a significant influence on the ε a of granular materials.
5.9.2

Breakage Behaviour

Figure 5.13 shows the cumulative bond breakage (B r ), defined as a percentage of
bonds broken compared to the total number of bonds present in the sample at
different f and N. It can be observed that B r increases with increase in f and N. Most
of the bond breakages were observed during the initial cycles of loading (e.g 200
cycles) causing higher permanent ε a (Figure 5.12). Once the bond breakage ceased,
insignificant increase in ε a was observed. This clearly highlights that particle
degradation is one of the major source responsible for permanent deformation.
Similar observation was made by Harireche and McDowell (2003). Figure 5.14
illustrates the relationship between B r and ε a at various f (10 Hz - 40 Hz). It is
evident from this figure that a linear relationship between B r and ε a exists for
different values of f.

Figure 5.15 shows variation of bond breakage (B r ) with f after 1000 cycles. The
variation of B r with f is found to be very similar to the variation of ballast breakage
index (BBI) observed from the laboratory data (Figure 4.6). Although these two
indices are different, they both measure the intensity of particle breakage. As
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expected B r increases with f until f = 20 Hz, then there is an insignificant increase in
B r between 20 Hz ≤ f ≤ 30 Hz followed by drastic increase of B r for f > 30 Hz.

Figure 5.12 Comparison of axial strain (ε a ) observed in the Experiment and in the
DEM (after Indraratna et al. 2010)

Figure 5.13 Effects of frequency (f) on bond breakage (B r ) with number of cycles (N)
(after Indraratna et al. 2010)
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Figure 5.14 Trend of bond breakage (B r ) with axial strain (ε a ) at various frequencies
(f) (after Indraratna et al 2010)

Figure 5.15 Breakage trend in DEM simulation with frequency (f) (after Indraratna et
al. 2010)
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5. 10 Cyclic Test Simulation at Various Confining Pressures
5.10.1 Permanent Deformation
Figure 5.16 illustrates the vertical permanent deformation in terms of axial strain (ε a )
with number of loading cycles (N) at various confining pressures (σ' 3 ). It has been
observed that ε a increases with N at all σ' 3 . However, ε a decreases as σ' 3 increases.
For instance, maximum ε a of 18 % is observed at σ' 3 = 10 kPa. Increasing σ' 3 to 30
kPa reduces ε a to 11 %. A further increase of σ' 3 to 60 kPa results in ε a of 8 %.
Increasing σ' 3 from 60 kPa to 120 kPa does not show much influence on ε a .
Elevating σ' 3 to 240 kPa further reduces ε a to 6 % which is 25 % less than that has
been observed at σ' 3 = 60 kPa.
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Figure 5.16 Variation of ε a with N at different σ' 3 (after Thakur et al. 2009)
Figure 5.17 shows the response of volumetric strain (ε v ) with N at various σ' 3 . At
very low σ' 3 (e.g. 10 kPa), the ballast compresses during initial cycles (e.g. first 200
cycles) and then dilates causing high permanent vertical deformation as shown in
Figure 5.16. However, as σ' 3 is increased from 30 kPa to 240 kPa, the ballast
compresses as N increases. Maximum compressions observed at σ' 3 = 30 & 60 kPa
are around 3 % and 4 % respectively. Increasing σ' 3 to 240 kPa results into a
maximum volumetric compression of 4.5 %.
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Figure 5.17 Variation of ε v with N at different σ' 3 after (Thakur et al. 2009)
5.10.2 Breakage Behaviour
Figure 5.18 explains the particle breakage behaviour at various values of σ' 3 . For σ' 3
< 30 kPa, a very high Br is observed. This is mainly caused by dilation of the
assembly (Figure 5.17). Indraratna et al. (2005) have categorized this zone as
‘Dilatant, Unstable Degradation Zone’ (DUDZ), and reported that degradation is
attributed mainly to the shearing and attrition of angular projections due to excessive
axial and radial strains in this zone. With further increase in σ' 3 , Br is found to
decrease. It attains an optimum value in the range 30 kPa < σ' 3 < 75 kPa. This zone is
further named as the optimum degradation zone (ODZ) by Indraratna et al. (2005).
Within this zone of confining pressure, an optimum particle configuration (packing
arrangement) is attained thereby significantly reducing the dilative behaviour of the
assembly and ε a decreases significantly. This shows that rail tracks can benefit
through reduced maintenance costs by slightly increasing the lateral confining
pressure (i.e., less settlement and degradation of ballast).
For σ' 3 > 75 kPa, Br starts increasing (Figure 5.18), with a corresponding increase in
ε v . Indraratna et al. (2005) have mentioned this zone as compressive, stable,
degradation zone (CSDZ). The ε a in this zone is not much reduced when compared
to ODZ as optimum packing arrangement of the particles is already attained. Figure
5.18 also compares the bond breakage (Br) with ballast breakage index (BBI)
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developed by Indraratna et al. (2005). Although these two indices are distinctly
different, they both measure the intensity of particle breakage. It is interesting to see
that DEM results capture the same trends of breakage as those observed in the
laboratory.
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Figure 5.18 Particle breakage at various σ’ 3 and comparison of breakage trends
observed in the DEM with the experiment (after Thakur et al. 2009)

5. 11 Effect of Particle Breakage
5.11.1 Cyclic Densification
Figure 5.19 explains the role of particle breakage on cyclic densification behaviour
of ballast with number of cycles (N) at 20 and 40 Hz frequencies (f). It can be seen
that the maximum densifications observed in case of unbreakable particles is 12 and
17 mm at f = 20 and 40 Hz while for breakable particles they are around 45 and 67
mm, respectively, at the end of 1000 cycles (Figure 5.19). Also, it is to be noted that
the number of cycles required to reach stable permanent deformation depends on the
breakability of the particles. For example, for unbreakable particles the stable zone is
reached around 100 cycles whereas in case of breakable particles, it is around 400
cycles.
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Figure 5.19 Comparison of cyclic densification (breakable and unbreakable particles)
(after Thakur et al. 2010b)
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Figure 5.20 Effect of bond breakage on cyclic densification (after Thakur et al.
2010b)

Figure 5.20 illustrates the effect of particle breakage, expressed in terms of broken
bonds (Br), on cyclic densification of ballast. Broken bonds (Br) has been defined as
a percentage of bonds broken compared to the total number of bonds present in the
initial assembly. It can be seen that the shape of the densification curve and breakage
curve is very similar which signifies that particle breakage has direct and significant
effect on the cyclic densification behaviour of ballast. Rapid deformation of the
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assembly in the initial cycles of loading in case of unbreakable particles (Figure
5.19) is mainly governed by rolling and sliding of particles, however, in case of
breakable particles, it is largely dominated by breakage. Once the particles are
broken, they roll, slide and fill the nearby voids causing more densification and as a
consequence more sample deformation. When particles breakage is seized (N > 400),
permanent deformation of the sample is almost stable. At f = 20 Hz, it is almost
constant after N = 400, however, it is still increasing for f = 40 Hz.
5.11.2 Micromechanical Explanation
Figure 5.21 illustrates the evolution of displacement vectors for both assemblies of
unbreakable and breakable particles during cyclic loading. It is evident from Figure
5.19 that cyclic densification is more pronounced for assembly having breakage.
During cyclic loading the unbreakable particles tend to move along the direction of
major principal stress (Figure 5.21a). However, for assemblies with breakage,
degradation of bond is concentrated in the direction of particle movements (Figure
5.21b). This may be attributed to the decrease in coordination number of particles
due to the rearrangement of particles, which creates high tensile stresses in the ballast
particles. The particles break when the induced tensile stress exceeds the tensile
strength of the particles.

5. 12 Micromechanical Investigation of Breakage
5.12.1 Particles Behaviour during Cyclic Loading
Figures 5.22 (i and ii) illustrate a portion of initial assembly and assembly after 100
cycles of loading respectively. These figures clearly highlight the particle breakage
and the rearrangement of broken particles during cyclic loading. For example,
particle W3 (passing 45 mm and retaining on 37.5 mm sieve) has broken into mainly
three pieces: a, b and c as shown in Figure 5.22 (ii). Similarly particle R1 (passing 53
mm and retaining on 45 mm sieve) has broken into five pieces: 1, 2, 3, 4 and 5 as
shown in Figure 5.22 (ii). These broken particles eventually move to the void space
in the assembly and cause permanent deformation. Thus breakage and rearrangement
of the broken particles contribute towards cyclic densification of the assembly as
shown in Figure 5.22(ii).
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Figure 5.21 (a) Displacement vectors for unbreakable particles (b) Displacement
vectors and position of bond breakage for breakable particles (after
Thakur et al. 2010b)
5.12.2 Mechanism of Particle Breakage
Particle breakage is one of the major factors influencing ballast behaviour during
cyclic loading. An enlarged view of a typical irregular particle before and after
breakage is presented in Figure 5.23. The position of this particle can be identified
from Figure 5.8. Figure 5.23 (a) shows the contact force (CF) chains for particle Y2
(passing 37.5 mm and retaining on 31.5 mm sieve) before breakage where the CF
developed at this time was compressive. The CF acting on particle Y2 (Figure 5.23
a) induces tensile and compressive bond forces in the bond joining particles i and ii,
which is shown in Figure 5.23 (b). It is to be noted that the thickness of the lines
representing the forces shows their corresponding magnitudes. As the cyclic load
continues, the induced tensile stress exceeds the tensile strength of the particle
causing it to break in tension (Figure 5.23c). Particles i and ii which were attached
are now separated after breakage (Figures 5.23 c and d). Similar observations were
made on several other particles which clearly highlight that breakage is primarily the
result of induced tensile stresses. CF distribution after breakage is shown in Figure
5.23 (d). Further, it was observed that the majority of the particle breakage occurred
in the direction of particles movement (Figure 5.24)

124

Figure 5.22 Portion of (i) Initial assembly and (ii) Assembly after 100 cycles at f =
40 Hz showing particle breakage and cyclic densification (after
Indraratna et al. 2010)
5.12.3 Mechanism of CF Chains Developed during Cyclic Loading
Figure 5.25 explains the development of contact force (CF) chains and associated
bond breakage at different stages of cyclic loading. It can be seen that the major CF
chains were developed in the major principal stress direction during 1st cycle of
loading (Figure 5.25a) because of good contacts between the particles. However,
with increase in cyclic loading the contacts between the particles become weak due
to bond breakage resulting in weaker CF chains in major principal stress direction
(Figure 5.25b). With further cycling the broken particles rearrange and get
compacted, ceasing the particles from further breaking, which results in solid and
more uniform CF chains in the major principal stress direction (Figure 5.25c). This
phenomenon clearly explains that the formation of CF chains in the assembly during
cyclic loading is a dynamic process, significantly influenced by the breakage of the
particles.
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Figure 5.23 Details of particle condition (a) Contact force chains, and (b) Bond
forces before bond breakage, (c) Bond forces and (d) Contact force
chains after bond breakage at 40 Hz frequency during cyclic loading
(after Indraratna et al. 2010)
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Figure 5.24 Displacement vectors and location of bond breakage after 500 cycles at f
= 40 Hz (after Indraratna et al. 2010)

Figure 5.25 Effect of bond breakage on contact force chains at various stage of cyclic
loading at f = 40 (after Indraratna et al. 2010)
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5. 13 Shear Behaviour under Cyclic Loading
As expected, displacement vectors of the ballast particles are convergent in the start
of the cyclic loading as evident from Figure 5.26a. At this stage, very few particles
break. As the number of cyclic loading increases, more particles break.
Consequently, broken particles get a chance to move and densify into nearby voids.
This behaviour is clearly seen from Figure 5.26b. Furthermore, it can be observed
that particles are moving towards major stress direction and diverging towards minor
stress direction. The displacement vectors highlight that the shearing of the particles
is not along a particular plane as it is usually along an inclined plane in case of fine
grained soils under triaxial condition. The shear behaviour shows bulging of the
sample. This bulging type of shear behaviour is also observed in the laboratory.
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Point
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b

Figure 5.26 Displacement vectors and bond breakage (a) at 1st cycle of loading, (b) at
500 cycle of loading (after Thakur et al. 2010a)

Number of bond breakages and maximum particles displacement vectors are
recorded at various numbers of cycles to understand the effect of the bond breakage
on the particle’s displacement. These data are plotted in Figure 5.27. The plot clearly
shows that a direct and linear relationship exists between particle breakage and
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particle displacement. This analysis again confirmed that when the bond breaks,
particles get more chance to slide and role into the nearby voids causing larger
displacement of the particles.

Figure 5.27 Relationship between particle breakage and maximum particles
displacement (after Thakur et al. 2010a)

5. 14 Chapter Summary
DEM is a widely accepted tool for fundamental research into the behaviour of
granular materials and its use within this research has been discussed. The basic
concepts and general mathematical models of the DEM based computer software
particle flow code in two dimensions (PFC2D) have also been presented as well as
some specific features (e.g. bonding models and clump logic). The literature review
highlighted that it is important to simulate particle breakage in modelling of
mechanical behaviour of railway ballast to capture realistic behaviour. The effect of
crushing on the railway ballast in a two-dimensional simulation of ballasted track has
been reported. The studies show that the influence of particle breakage on the
settlement and volumetric strains observed in the simulations is significant.

Numerical simulation using DEM, modelled ballast behaviour at various frequencies
during cyclic loading with results similar to those found during the laboratory
experiments. The DEM based micro-mechanical investigation shows that most
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particles break during the initial cycles which then lead to higher initial axial strains.
A linear relationship was observed between particle breakage and axial strains. In
addition, a DEM simulation was carried out in order to observe the effect that
confining pressure has on ballast behaviour within railway environments. The DEM
results show that axial strain and breakage can be very high at very low confining
pressure (< 30 kPa) owing to the dilative behaviour of the aggregates. With slight
increase in confining pressure (≥ 30 kPa), substantial reduction in both the permanent
deformation and degradation were observed. Beyond a confining pressure of 75 kPa,
particle degradation increased without a significant decrease in permanent
deformation. Moreover, the DEM results confirmed the previous laboratory findings
of Lackenby et al. (2007) and verified the role that confining pressure has on the
ballast behaviour.

DEM simulation results on the influence of ballast breakage and associated
deformation during cyclic loading were also presented. DEM simulations were
carried out on an assembly of angular ballast particles with and without breakage. A
novel approach was developed that modelled the two dimensional shape of real
ballast particles. Observations confirmed that particle breakage has a profound
influence on the cyclic densification behaviour of ballast. Unbreakable particles were
modelled to simulate the cyclic densification that often underestimates the permanent
deformation experienced by real ballast materials. However, breakable particles
exhibit densification behaviour that is similar to that which was observed in the
laboratory experiments. The rapid initial deformation exhibited by the breakable
ballast sample can be attributed to particles breakage, rolling and sliding into the
adjacent voids. Moreover, the decrease in the coordination number of the particles
due to their movement during cyclic loading creates high tensile stresses in the
ballast materials and breakage occurs when the induced tensile stress exceeds the
tensile strength of the particle.

The DEM based micro-mechanical investigation showed that most particles break
during the initial cycles which then result in higher initial axial strains. Particle
breakage is mainly due to tensile failure and is concentrated mainly in the direction
of particles movement. It has been found that particle breakage plays an important
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role in controlling the development of contact force chains in the granular mass
during cyclic loading. Shear behaviour of ballast has been investigated under cyclic
loading and micromechanical explanation has been provided. The observation of the
displacement vectors for the particles, highlight that the particles are initially
convergent and very few particles break at this stage. As the loading continues, more
particles break which results in densification of the sample. Particles then move
divergently in the direction of minor stress axis and the overall shearing behaviour is
observed bulging.
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6 CYCLIC DENSIFICATION MODEL
DEVELOPMENT AND VERIFICATION
6. 1

Introduction

This chapter gives brief description of cyclic stress-strain behaviour, frame work of
incremental plasticity and literature review on recent developments of soil
constitutive modelling. It is then followed by the background of constitutive
modelling of ballast, details of the proposed cyclic densification model, its
calibration and validation of the model with the data from current study and the
published literature.

6. 2

Cyclic Stress-Strain Response

Ellyin (1997) illustrated the uniaxial stress-strain response for a typical strain
hardening material as shown in Figure 6.1. For small values of the applied load, the
response is linear, and the process is reversible between 0 and A, where A is the limit
of the elastic response. As the load is increased beyond this limit, permanent
deformations set in with the resulting plastic strain. At this stage if the load is
reduced, the unloading response is initially a straight line BC, which is essentially
parallel to 0A, followed by a deviation from the linear response, entering into an
irreversible domain, CD. Upon reloading, the stress-strain response follows a linear
portion DF and a nonlinear part FB’.

Bauschinger Effect
Following the unloading path BC in Figure 6.1, the material yields at point C, at
which the stress level is higher than the original compressive yield stress level. This
is generally known as the Bauschinger effect and it indicates that after the initial
loading over the elastic limit, the material behaviour become anisotropic.

Hysteresis Loop
The loop traced by the unloading and reloading path, BCDFB’, is called a hysteresis
loop, and represents the adsorbed plastic strain energy during the process. The
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majority of the irrecoverable energy is converted into heat and internal damping
absorbs a part of it.

Figure 6.1 Schematic illustration of a stress-strain curve (adopted from Ellyin 1997)

The cyclic stress-strain response differs depending on the mode of controlled
variable as shown in Figure 6.2. The essential characteristics include cyclic
hardening or softening, cyclic mean stress relaxation, cyclic creep deformation, rate
dependence and memory effect. In the case of fully reversible strain controlled tests,
the material response initially varies with the number of cycles and later stabilizes.
For fully reversible stress controlled loading, one observes strain hardening or
softening similar to the strain controlled condition. The plastic strain decreases with
the number of cycles and reaches a stable state for strain hardening materials. The
reverse occurs for strain softening materials.
6.2.1

Shakedown

When material is subjected to cyclic creep loading, as described previously, its
stress-strain response can be characterized by shakedown concept, as described by
Werkmeister et al. (2001) as illustrated in Figure 6.3.
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1. Purely elastic:

This is the zone where the applied repeated stress is

sufficiently small such that no element of the material enters the yield
condition. From the first stress-strain load cycle, all deformations are fully
recovered and the response is termed purely elastic.

Figure 6.2 Schematic illustration of material response to various modes of cyclic
input variables (adopted from Ellyin 1997)

2. Elastic shakedown: This is the zone where the applied repeated stress is
slightly less than that required to produce plastic deformation. The material
response is plastic for a finite number of stress-strain loadings. The ultimate
response is elastic. The material is said to have “shakedown” and the
maximum stress level at which this condition is achieved is termed the
“elastic shakedown limit”.
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3. Plastic shakedown: This is the zone where the applied repeated stress is
slightly less than that required to produce a rapid incremental collapse. The
material achieves a long-term steady state and no accumulation of plastic
strain occurs and each response is hysteretic. This implies that a finite amount
of energy is absorbed by the material on each stress-strain loading. Once a
purely resilient response has been obtained the material is said to have
undergone “shakedown” and the maximum stress level at which this
condition is achieved is termed “the plastic shakedown limit”.
4. Ratcheting: This is the zone where the applied repeated stress is relatively
large. A significant zone of material is in a yield condition and the plastic
strains accumulate rapidly with failure occurring in the relatively short term.

Figure 6.3 Schematic illustration of material behaviour under shakedown (adopted
from Werkmeister et al. 2001)

6. 3

Constitutive Modelling

6.3.1

Incremental Plasticity

Incremental forms of elasto-plastic constitutive models are frequently used to
calculate the nonlinear stress-strain and strength behaviour of the soil. The
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incremental theory of plasticity for hardening materials is based on three
fundamental assumptions (Chen and Mizuno 1990):
a. The existence of initial yield surface and subsequent loading
surfaces.
b. The formulation of an appropriate hardening rule that describes the
evolution of the subsequent loading surfaces.
c. A flow rule that specifies the general form of the stress-strain
relationship.

The first assumption states that a stress function which defines the limit of elasticity
of material, exists. It is called the initial yield function before plastic deformations
occur and is called the loading function beyond the initial yielding. These functions,
F, are viewed respectively as the initial yield surface and the subsequent yield
surfaces (or loading surfaces) in the multi-dimensional stress space.

The second assumption is related to the hardening rule. There are a number of
hardening rules, such as isotropic hardening, kinematic hardening, and mixed
hardening (Chen 1982). Isotropic hardening rule allows for a uniform expansion of
the loading surface, while the kinematic hardening rule permits the loading surface to
move as a rigid body in stress space. Mixed hardening, on the other hand, which
combines both of these types of hardening, permits the loading surface to expand or
to contract uniformly and to translate in stress space.

The third assumption states that the direction of the plastic strain increment vector

dε ijp is normal to the surface defined by the plastic potential function, g, i.e.:

dε ijp = dλ

∂g
∂σ ij

(6.1)

where dλ is a proportionality factor determining the magnitude of the plastic strain
increments which can be further written as:
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dλ =


1  ∂F

dσ mn 
' 
H  ∂σ mn


(6.2)

where H’ is the hardening modulus. From Equation 6.2, it is clear that the magnitude
of dλ depends on the magnitude of the hardening modulus and the normal component
of a stress increment to the yield surface. This flow rule is generally called a non
associated flow. The flow rule is called associated if the plastic potential function
takes the same form as that of the yield function, which is:

dε ijp = dλ

∂F
∂σ ij

(6.3)

For a stable work-hardening material satisfying the Drucker’s stability postulates, it
can be shown that the associated flow rule or the normality condition is assured
(Chen and Mizuno 1990).

The generalised stress-strain relationship for various hardening materials under the
assumption of the associated or a non-associated flow rule is given by:
ep
dσ ij = Cijkl
dε kl

(6.4)

ep
where Cijkl
is the fourth-order elastic-plastic constitutive tensor expressed by:

1


ep
= Cijkl − H ij* H kl  dε kl
Cijkl
H



(6.5)

where Cijkl is the fourth-order elastic constitutive tensor, and H, H ij* , and H ij have
different forms corresponding to different material models. This matrix form is
useful for direct application to the computer implementation of stress-strain relations
for various forms of yield functions.

137

6.3.2

Recent Developments of Hardening Constitutive Models for Soil

Drucker et al. (1957) introduced the concept of work-hardening plasticity into soil
mechanics. They put forward two new concepts: first the idea of a work-hardening
cap to perfectly plastic yield surface such as the Coulomb type or Drucker-Prager
type of yield criterion and second, the use of current soil density (or voids ratio, or
plastic compaction) as the state variable or the strain hardening parameter to
determine the successive loading cap surfaces.

Lade and Duncan (1973; 1975) proposed isotropic work-hardening model for
cohesionless soils. Their model consists of a shear loading surface which expands
asymptotically to the failure surface as the shearing continues. The form of their
model is simple, and it includes the effects of hydrostatic pressure, as well as the
dependence of

J 2 on the load angle θ. However, the failure surface still depicts a

straight line in I1 − J 2 space where I 1 and J 2 are hydrostatic and deviatoric axes
respectively. The modified Lade-Duncan surface proposed by Lade (1977)
overcomes this shortcoming taking into account the curvature of the trace of the
failure surface in the meridian plane. The failure surface indicates a decreasing
friction angle with increasing confining pressure, and θ-dependence of

J 2 on the

deviatoric planes. The model has been found to be adequate to describe the
behaviour of a wide range of pressure for both sands and normally consolidated
clays.

Mroz (1967), Iwan (1967) and Prevost (1978) introduced the effects of anisotropy
through the use of nested yield surfaces. Prevost’s nested or multi-surface model
(Figure 6.4) is represented by ellipsoids of revolution with their initial positions
defined by the pre-consolidation state. A material which has been isotropically
consolidated has the centres of each ellipse on the hydrostatic axis, otherwise it is
expected that the centres would fall along a line related to K o -consolidation. It is this
flexibility in defining the initial surface locations which allows the simulation of
anisotropic behaviour. Furthermore, the model allows each surface to translate and
expand as plastic loading occurs. A non-associated flow rule is adopted for the inner
surfaces, while the associated flow rule is used for the outermost surface. Strain138

softening is allowed for the outermost surfaces only. The translation of the surfaces
is prescribed to be in the direction of a point on the next surface with the same
outward normal direction. While this model provides a realistic representation of
material behaviour, it is somewhat complex. Moreover, it appears that the manner in
which the individual surfaces harden may be difficult to characterize, for arbitrary
three-dimensional paths, using only ordinary triaxial data.

Figure 6.4 Multi-surfaces in triaxial plane (adopted from Prevost 1978)

The fact that the loading surface at large strains is almost independent of loading
path leads to the concept of bounding surface of models where the subsequent
loading surfaces are allowed to move isotropically inside a limit surface or bounding
surface (Figure 6.5). Various types of strain-hardening plasticity models have been
recently employed based on such bounding (consolidation or limiting) surface
concept introduced earlier for metals (Dafalias and Popov 1975; Krieg 1975). A twosurface model of this type was proposed by Mroz et al. (1978; 1979) for clays. A
bounding surface, F = 0, representing the consolidation history of the soil, and a
yield surface, f = 0, defining the elastic domain within the bounding surface (Figure
6.5) were employed in the model. The bounding surface is assumed only to expand
or contract isotropically, but the yield surface is allowed to translate, and expand or
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contract. The translation of the yield surface is governed by the same rule as the
multi-surface models described earlier (i.e. the yield surface f will translate towards
the bounding surface along PR in Figure 6.5. The hardening modulus on the yield
surface is assumed to vary with the distance δ between the yield and bounding
surfaces. Unlike the nested yield surface models, the bounding surface models have
the definitive advantage of a smooth transition from the elastic to the fully plastic
state for general reversed loading which is generally observed experimentally for
soils. In fact, the bounding surface model can be considered as a smooth extension of
the nested yield surface model with an analytical function to replace the nest of
several loading surfaces.

Figure 6.5 Yield and bounding surfaces in stress space (adopted from Mroz et al.
1978)

Manzari and Dafalias (1997) presented a model within the framework of critical state
soil mechanics. The two-surface bounding surface plasticity model is coupled with
the state parameter, which is used to define the peak and dilatancy stress ratio of
sands. The model is capable of simulating sand behaviour under monotonic and
cyclic, drained and undrained loading conditions. Both isotropic and kinematic rules
are employed to describe the evolution of yield surface. The isotropic hardening is
related to the plastic volumetric strain while the kinematic hardening is similar to the
non-linear kinematic hardening rule by Armstrong and Frederick (1966).

The disturbed state concept (DSC) model was first proposed by Desai (1974), and its
basic concept is that the material is assumed to transform continuously and randomly
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from a relatively intact (RI) state to the fully adjusted state (FA) under external
excitation such as mechanical and thermal forces. The transformation of the material
from RI to FA states is defined by the disturbance function. Figure 6.6 shows a
schematic of the RI and FA states. Many researchers (Desai 2000; Park and Desai
2000; Varadarajan et al. 2001; Varadarajan et al. 2003; Varadarajan et al. 2006;
Desai 2007) used DSC model to model soil behaviour under various loading
conditions.

Figure 6.6 Disturbed state concept: schematic representation (adopted from Desai
2007)

6. 4

Background of Ballast Modelling

The ultimate goal is to develop the DEM methodology to model ballast behaviour.
However, computers are not fast enough but their CPU speed is increasing very fast
to make such DEM analysis applicable to practice in the near future. Therefore,
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continuum mechanics approach has been presented to model discontinuous ballast
layer. Continuum modelling of ballast behaviour incorporating particle breakage
using plasticity model can be used as a first attempt to understand its behaviour. This
section discuss past researches that have considered ballast as continuum material.

Until today, the vast majority of railway engineers have regarded ballast as an elastic
media. Although the accumulation of plastic deformation under cyclic traffic loading
is evident, most researchers are primarily interested in modelling the dynamic
resilient modulus of ballast. Limited research has been conducted on modelling the
plastic deformation of ballast associated with cyclic loading, although some
researchers have attempted to simulate the plastic deformation empirically
(Indraratna and Salim 2005).

Suiker and de Borst (2003) presented a plastic deformation model for ballast, where
both plastic ‘frictional sliding’ and ‘volumetric compaction’ mechanisms have been
considered during cyclic loading. Suiker and de Borst called it ‘Cyclic Densification
Model’, where the plastic flow rule has been decomposed into a frictional component
and a compaction component, as given by:
dε ijp
dN

=

p
dκ p f dε vol , c c
mij +
mij
dN
dN

(6.6)

where, dε ij p is the infinitesimal increment of plastic strain, dκp is the increment of
plastic distortional strain, dεp vol,c is the plastic volumetric strain increment due to
cyclic compaction, mf ij and mc ij denote the flow directions for frictional sliding and
volumetric compaction, respectively, and dN is the increment of load cycle.
However, this cyclic densification model is an advanced step in modelling plastic
deformation and plastic compaction of ballast under cyclic loading, particle breakage
associated with cyclic loading, an important factor governing the plastic deformation
and cyclic compaction of ballast, is not considered in this model. Also, the model is
unable to simulate the effect of frequency of loading.
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Recently, Salim and Indraratna (2004) proposed a new stress-strain and particle
breakage constitutive model for ballast based on the critical state framework. A nonassociated flow and a kinematic type yield locus (constant stress ratio) have been
adopted in the model. Particle breakage has been modelled by a single non-linear
function of distortional strain and the initial state of ballast, and then has been
incorporated in a plastic flow rule. In their model, the p-q plane is divided into two
distinct regimes (plastic volumetric contraction and plastic dilation). Any stress ratio
below the critical state value (M) produces plastic volumetric contraction, and stress
ratios above M induce plastic dilation. The following equations were proposed to
calculate incremental plastic shear and volumetric strain.
p' 
 p ' 
2ακ  ' 1 − 'o ( i ) (9 + 3M − 2η * M )ηdη
 p  p 
cs ( i ) 
 cs 
dε sp =
'
 2p


B
M 2 (1 + ei ) ' o − 1 9(M − η *) + ' {χ + µ (M − η *)}
 p

p




(6.7)

 B   χ + µ (M − η *) 
dε vp
9(M − η )
=
+  '  
p
dε s
9 + 3M − 2η * M  p   9 + 3M − 2η * M 

(6.8)

where dε sp is plastic deviatoric strain increment,

dε vp is plastic volumetric strain

increment, α is related with initial stiffness of the ballast, κ is swelling/recompression
constant, p' is mean stress, p' cs is the value of p' on the critical state line at the current
void ratio, p' o is the value of p' at the intersection of the undrained stress path and the
initial stress ratio line, p' o(i) and p' cs(i) are the initial value of p' o & p' cs at the start of
shearing, M is critical stress ratio, η is stress ratio, η* = η(p'/p' cs ), e i is the initial
void ratio at the start of shearing, χ and μ are the material constants defining the rate
of ballast breakage, and B is a constant given by:

B=

 (9 − 3M )(6 + 4M )

(6 + M )
ln p cs ( i ) / p 


(

β

'

'
i

)

(6.9)

where β is the slope of rate of energy consumption verses rate of particle breakage
curve and p' i is the initial value of p'. Although this model considered the effect of
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particle breakage; it is limited to monotonic loading conditions. Similarly,
Varadarajan et al. (2003) and Varadarajan et al. (2006) considered particle breakage
to model the stress-strain behaviour of rock fill materials. Their models are also
limited to static loading conditions.

Considering recent advancement in the area of constitutive modelling of ballast, it is
clear that there is lack of a constitutive model which can predict cyclic densification
of the ballast in various loading conditions. Therefore, a cyclic densification model
has been presented in this chapter which is an extension of the earlier model
developed by Salim and Indraratna (2004) for monotonic loading condition. The
flow rule has been improved to provide better representation of elastic and
elastoplastic deformation during cyclic loading. The current model can capture
ballast deformation and degradation behaviour under a large number of cycles
subject to various loading conditions capturing particle breakage. The proposed
model is validated using laboratory test results from literature and current
investigation.

6. 5

Ballast Behaviour under Cyclic Loading

The behaviour of ballast under cyclic loading conditions is nonlinear, stress-state
dependent, and very different from the behaviour of the ballast under monotonic
loading condition (Selig and Waters 1994). Ballast shows a strong tendency to
densify, even if the applied stress level is close to its static failure strength under
cyclic loading (Suiker et al. 2005). During the first loading, axial strain develops
rapidly and is partially recovered upon unloading, but each additional cycle
contributes to incremental plastic or permanent strains. The magnitude of plastic
strain increment generally decreases with the increasing number of cycles (Selig and
Waters 1994). When cyclic loads are applied, the effect of load history appears as a
result of gradual material stiffening by each load application, causing a reduction in
the permanent strains during subsequent loading cycles. The growth of permanent
deformation in coarse granular materials under cyclic loading is a gradual process
during which each load application contributes to a small increment in the strain
accumulation (Lekarp et al. 2000b). A number of researchers (Olowokere 1975;
Knutson 1976; Raymond and Davies 1978; Alva-Hurtado 1980; Stewart 1986;
144

Brown and Selig 1991; Indraratna and Salim 2003; Suiker et al. 2005; Lackenby et
al. 2007; Anderson and Fair 2008; Aursudkij et al. 2009; Indraratna et al. 2010)
conducted cyclic triaxial tests on ballast, and reported that the amount of axial strain
observed at the end of first cycle was large, but kept decreasing for subsequent cycles
for constant load amplitude and confining pressure. Indraratna and Salim (2003)
reported that the width of loading-unloading loop was the greatest in the first cycle
and kept decreasing with the subsequent cycles until the loading curves eventually
coincide with the corresponding unloading curve. Based on these explanations and
observations of ballast behaviour under cyclic loading, the following idealised
conditions and assumptions have been made.

Figure 6.7 Idealised ballast behaviour under cyclic triaxial loading (after Indraratna
et al. 2011)

Ballast behaviour under stress controlled cyclic triaxial loading can be idealised as
shown in Figure 6.7. Consider a specimen consolidated isotropically to a mean
effective pressure of p' o , and then loaded cyclically to attain its maximum effective
pressure, p' max (Point B) within first load cycle. Then it is unloaded to reach
minimum value, p' min (Point A). Subsequent loading and unloading takes place
between points A and B along the stress path AB. Following assumptions are made
for developing the model:
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Assumption 1: Ballast deforms elastoplastically during the first cycle of maximum
loading. It is considered as virgin yielding as the change in stress state on current
yield surface is new and causes it to expand.

Assumption 2: There exists an elastic surface which moves kinematically with the
number of cycles (N). The deformation outside the elastic surface is elastoplastic,
and inside is elastic both during loading and unloading.

6. 6

Model Development

Description of Stress and Strains
A generalised three dimensional Cartesian coordinate system (x i , i = 1, 2, 3) is used
to define the stresses and strains. All stresses are considered as effective and are
represented by:

p' =
q=

σ ii'

(6.10)

3

(

)(

3 '
σ ij − p 'δ ij σ ij' − p 'δ ij
2

)

(6.11)

where, p' and q are the mean and deviatoric stresses, σ ij' is the Cartesian components
of effective stress and δ ij is the Kronecker delta defined by δ ij = 1 if i = j and δ ij = 0
if i ≠ j.
The corresponding volumetric and deviatoric strains are given by:

ε v = ε ii

εs =

(6.12)

2
(ε ij − ε vδ ij )(ε ij − ε vδ ij )
3

(6.13)

For the special case of an axisymmetric triaxial specimen ( σ 2' = σ 3' and ε 2 = ε 3 ), the
above mentioned stresses and strains simplify to the following well-known
relationships:
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p' =

(

1 '
σ + 2σ 3'
3 1

)

(6.14)

q = σ 1' − σ 3'

(6.15)

ε v = ε 1 + 2ε 3

(6.16)

εs =

2
(ε 1 − ε 3 )
3

(6.17)

Development of Flow Rule considering Particle Breakage
A relationship among stress, strain and particle breakage under triaxial loading
condition (Figure 6.8) can be derived following Indraratna and Salim (2002)
considering the energy balance of specimen particles as:

φ 
 dε v  2 
1 −
 tan  45° + f  − 1
dEb (1 + Sinφ f )
2 
dε 1 
q

= 
+
'
p  2 1  dε v  2 
 2 1  dε 
φ 
φ

 tan  45° + f  p ' dε 1  + 1 − v  tan 2  45° + f
 + 1 −
2 
2


 3 3  dε 1 
 3 3  dε 1 





(6.18)

where, q is the deviatoric stress, p' is the mean stress, dε 1 and dε v are the incremental
axial and volumetric strains, φf is the basic friction angle and dE b is the amount of
energy spent by particle breakage per unit volume.

The term, dE b in Equation 6.18 can be related to the increment of ballast breakage
index (dBBI), where the ballast breakage index (BBI) (Indraratna et al. 2005) can be
measured in the laboratory. In order to evaluate the increment of energy consumption
due to ballast breakage, the experimental results of stress ratio, dilatancy and basic
friction angle of crushed latite basalt have been substituted in Equation 6.18, and the
value of dE b /dε 1 has then been back calculated. Experiments conducted by the
Author to investigate the effect of frequency on ballast under cyclic loading reveal
that the axial strain (ε a ) and BBI increase with the increasing frequency ( f ), and the
number of cycles (N) as shown in Figures 6.9 & 6.10 (Indraratna et al. 2010).
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Figure 6.8 Triaxial compression of ballast, (a) specimen under stresses and saw-tooth
deformation model, (b) details of contact forces and deformations of two
particles at contact (adopted from Indraratna and Salim 2002)

Figure 6.9 Variation of ε a with N at different f (adopted from Indraratna et al. 2011)
The rate of incremental breakage index (dBBI/dε 1 ), is found easily at various values
of f and σ' 3 at corresponding N. The computed dE b /dε 1 values are plotted against
dBBI/dε 1 values (Figure 6.9). Figure 6.9 also contains data from Lckenby (2006)
where the effect of confining pressure (σ' 3 ) on the ballast behaviour during cyclic
loading was reported. It can be assumed that the increment of energy consumption
(dE b /dε 1 ) in ballast breakage per unit volume is proportional to the increment of
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ballast breakage index (dBBI/dε 1 ) where β is a constant of proportionality. Hence,
Equation 6.18 now becomes:

φ 
 dε v  2 
1 −
 tan  45° + f  − 1
βdBBI (1 + Sinφ f )
2 
dε 1 
q

= 
+
'
p  2 1  dε v  2 
 2 1  dε 
φ 
φ

 tan  45° + f  p ' dε 1  + 1 − v  tan 2  45° + f
 + 1 −
2 
2


 3 3  dε 1 
 3 3  dε 1 





(6.19)

Figure 6.10 Variation of BBI with N at various f (after Indraratna et al. 2011)
An expression for the ratio of plastic volumetric strain increment, dε vp to plastic
deviatoric strain increment, dε sp , in terms of critical stress ratio, M, and stress ratio,
η, for ballast similar to that derived by Salim and Indraratna (2004) can be derived
from Equation 6.19 as:
dε vp
9(M − η )
βdBBI 
9 − 3M
=
+ ' p 
p
dε s
p dε s  9 + 3M − 2ηM
9 + 3M − 2ηM

 6 + 4 M 


 6 + M 

(6.20)

Equation 6.20 captures (i) the plastic volumetric strain increment associated with the
plastic deviatoric strain increment, and (ii) the corresponding rate of particle
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breakage during shear deformation. It is valid for the case of anisotropic condition as
it becomes indeterminate when dε sp becomes zero under isotropic stress condition.

Figure 6.11 Relations between rate of energy consumption and rate of particle
breakage (after Indraratna et al. 2011)
The data in Figure 6.9 can be replotted as ε sp versus N. From the plots of ε sp versus N
and BBI versus N, the rate of particle breakage per unit distortional strain,
dBBI / dε sp , can be found at various values of N. When the value of dBBI / dε sp is

multiplied by ln(p' max /p' min ), where p' max and p' min are maximum and minimum
values of mean loading applied during cyclic loading plotted versus N, all the data
points fall in a line irrespective of f and σ' 3 as shown in Figure 6.12. Thus, a linear
relationship between dBBI / dε sp and N can be established as:

χ + µ ln(N )
dBBI
=
p
'
'
dε s
ln pmax
/ pmin

(

)

(6.21)

where χ and μ are the material constants defining the rate of ballast breakage during
cyclic loading. Substituting Equation 6.21 into Equation 6.20 yields:
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 β   χ + µ ln (N )
dε vp
9(M − η )
=
+  '  
p
'
'
dε s
9 + 3M − 2ηM  p   ln pmax
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9 − 3M

 9 + 3M − 2ηM

)

 6 + 4M 


 6 + M 

(6.22)

Figure 6.12 Relationship between rate of ballast breakage and number of cycles
(after Indraratna et al. 2011)

Equation 6.22 can be rearranged as:
dε vp
9(M − η )
A (χ + µ ln (N ))
=
+ '
p
dε s
9 + 3M − 2ηM p (9 + 3M − 2ηM )

(6.23)

where the constant A is given by:

A=

(

ln p

β
'
max

/p

'
min

)

 (9 − 3M )(6 + 4 M )


(6 + M )



(6.24)

Equation 6.23 is considered as the primary governing differential equation for
determining the plastic strain increments incorporating particle breakage.
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Incremental Constitutive Model
To derive a constitutive model that describes the cyclic permanent deformation
behaviour, standard plasticity theory is taken as the starting point. Within the
framework of linear deformations, total strains, ε ij , can be decomposed into the
recoverable elastic strain component, ε ije , and the irrecoverable plastic strain
component, ε ijp :

ε ij = ε ije + ε ijp

(6.25)

where the superscript e denotes elastic component, and p indicates plastic component
of the strain. Also, the strain increment, dε ij , can also be divided into elastic and
plastic components:

dε ij = dε ije + dε ijp

(6.26)

Similarly, the increment of deviatoric strain, dε s , and increment of volumetric
strain, dε v , are also separated into elastic and plastic components, thus:
dε s = dε se + dε sp

(6.27)

and,
dε v = dε ve + dε vp

(6.28)

The elastic components of the strain increment can be computed using the theory of
elasticity, where the elastic volumetric strain increment, dε ve , can be determined
using the swelling/recompression constant κ (Roscoe et al. 1963; Schofield and
Wroth 1968), and given by:
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dε ve =

κ  dp ' 



1 + ei  p ' 

(6.29)

where e i is the initial void ratio at the start of shearing. The elastic distortional strain
increment, dε se , is represented by:

dε se =

dq
3G

(6.30)

where G is the elastic shear modulus and has been calculated incrementally using
following equation (Budhu 2000):

G=

3 p ' (1 + ei )(1 − 2ν )
2κ (1 + ν )

(6.31)

where ν is the Poisson’s ratio.
The plastic component of the strain increment can be computed by employing
Equation 6.23 along with the general incremental constitutive relationship given by
Hill (1950) as:

dε ijp = h

∂g
dF
∂σ ij

(6.32)

where h is a hardening function, g is a plastic potential function, and dF is the
differential of a function F = 0 that defines yield locus.

The Plastic Potential, g
By definition, the plastic strain increment vector is normal to the plastic potential
surface. Thus, at any point (p', q) on the plastic potential g = g(p', q),

dε vp
dq
=− '
p
dε s
dp

(6.33)
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Substituting Equation 6.33 into Equation 6.23 yields the following:

(

)

dq 9 Mp ' − q + A(χ + µ ln ( N ))
+
=0
(9 + 3M ) p ' − 2qM
dp '

(6.34)

Equation 6.34 is a first-order differential equation of q. The solution of Equation 6.34
gives the plastic potential function g(p', q). It only requires partial derivatives of g
with respect to p' and q, rather than the explicit function of g, to derive expressions
for the plastic strain increments (Appendix B). Hence,

(

)

(

)

∂g 9 Mp ' − q + A(χ + µ ln ( N )) 9(M − η ) + A / p ' (χ + µ ln ( N ))
=
=
(9 + 3M ) p ' − 2qM
∂p '
9 + 3M − 2ηM

(6.35)

and,
∂g
=1
∂q

(6.36)

Yield Function, F
In this current model formulation, a non-capped yield function has been considered.
It is represented by a constant stress ratio (η) lines in the p-q plane, similar to that
proposed by Salim and Indraratna (2004), for modelling ballast under monotonic
loading condition. The yield locus moves kinematically along with its current stress
ratio, η j , as the stress changes. Mathematically, the yield function, F, can be given
by:

F = q −η j p' = 0

(6.37)

Differential form of Equation 6.37 is required to calculate the plastic strain
increments from Equation 6.32 as given by:

dF = dq − η j dp '

(6.38)
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From the definition of η, it can be written as:

dq = η j dp ' + p ' dη

(6.39)

Substitution of Equation 6.39 into Equation 6.38 yields:
dF = p ' dη

(6.40)

Hardening Function, h
The hardening function is derived from the undrained stress path, where the total
volume change of a specimen is zero. This approach has been used successfully to
model the soil behaviour by Pender (1978) and Salim and Indraratna (2004).
Schofield and Wroth (1968) explained that in an undrained test, the recoverable
(elastic) volumetric strain is accompanied by an equal and opposite plastic
volumetric strain and, therefore, represented by:
dε vp + dε ve = dε v = 0

(6.41)

Substituting the expression of incremental elastic and plastic volumetric strain from
Equations 6.29 and 6.32 into Equation 6.41, an expression for the undrained stress
path can be derived as:

h

∂g '
κdp '
+
=0
η
p
d
∂p '
p ' (1 + ei )

(6.42)

Moreover, it has been assumed that the undrained stress paths are parabolic in the p'q plane and can be expressed by the relationship proposed by Pender (1978) as:

po'
1
−
2
pcs' 
p'
η 
=
 
po'
p' 
M 
1 − p '
cs









(6.43)

155

where p' cs is the value of p' on the critical state line corresponding to the current
void ratio (Figure 6.13). An alternative differential form of the undrained stress path
is given by differentiating Equation 6.43:


 2 po'
 '  dp ' 
2 p '  po'



− 1ηdη +  ' − 1 pcs  '  = 0
M 2  pcs'
 p
  p 


(6.44)

By substituting Equations 6.35 and 6.44 into Equation 6.42, and re-arranging, the
hardening function can be derived as:

 p'
2κ  'o − 1(9 + 3M − 2ηM )η

 pcs
h=
'
 
 2p

A
M 2 (1 + ei ) 'o − 1 pcs' 9(M − η ) + ' (χ + µ ln ( N ))
p

 
 p

(6.45)

Figure 6.13 Definition of p' cs and typical e-lnp' plot in a drained shearing (adopted
from Salim and Indraratna 2004)

Substituting Equation 6.45 with the negative sign along with Equations 6.36 and 6.40
into Equation 6.32 and considering the proposition introduced by Salim and
Indraratna (2004) for capturing ballast behaviour, an algebraic expression for plastic
shear strain is obtained as:
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p 
 p ' 
2ακ  ' 1 − o ( i )  9 + 3M − 2η * M ηdη

pcs ( i ) 
 pcs 
dε sp =
 2 p'


A
M 2 (1 + ei ) 'o − 1 9 M − η * + ' (χ + µ ln (N ))
p

 p


(

(

)

)

(6.46)

Using η*, Equation 6.23 can be rewritten as:
 A   (χ + µ ln ( N )) 
dε vp
9(M − η )
=
+  '  
*
p
dε s
9 + 3M − 2η M  p   9 + 3M − 2η * M 

(

)

(6.47)

where, α is related with initial stiffness of the ballast and η* = η(p'/p' cs ) that has been
introduced by Salim and Indraratna (2004) to capture ballast behaviour at low
confining pressure for η > M. Knowing the plastic shear strain from Equation 6.46,
plastic volumetric strain can be calculated using Equation 6.47.

Plastic Strain Calculation for Subsequent Loading Cycle
By observing the cyclic densification behaviour of ballast in the laboratory and in the
literature as explained previously, the following expression is proposed to calculate
the incremental plastic shear strain for subsequent loading cycles:
po' (i ) 
 p ' 

2ακ  '  1 − '  9 + 3M − 2η * M ηdη

pcs (i ) 
 pcs 
dε sp = α1α 2α 3
 2 p o'


A
2
M (1 + ei ) ' − 1 9 M − η * + ' (χ + µ ln ( N ))
 p

p




(

)

(

)

(6.48)

where the parameter α 1 represents the kinematic hardening effect of a simple stress
reversal and is a function of stress history.

In order to describe the Bauschinger effect accurately, the Mroz-Iwan theory of work
hardening (Iwan 1967; Mroz 1969) can be used to determine the value of α 1 . A
simple expression for α 1 is proposed here similar as Liu and Carter (2000):
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α1 =

AC − AD
AB

if p' > p' e , otherwise α 1 = 0

(6.49)

In the above, p' e is the mean elastic load (Point D, Figure 6.7) along the stress path
AB. The magnitude of AC can then be calculated as:

AC =

( p − p ) + (q − q )
'

' 2
e

2

(6.50)

e

Similarly, the distances from A to D and A to B can be determined (Figure 6.7).

The purpose of introducing elastic surface is to consider the effect of loading history
which results the material behaving as an almost elastic material after a certain
number of cycles. The elastic surface moves kinematically with N. The value of p' e
(Point D, Fig. 6.7) on a given stress path varies between point A (p' min ) and point B
(p' max ) and the variation of p' e with N at various f is illustrated in Figure 6.14. The
role of point D is to control the deformation of the ballast during subsequent loading
cycles. Point C represents the position of the current load, p', during both loading and
unloading. If point C is above point D, then the ballast will deform elastoplastically,
otherwise elastically during cyclic loading. An expression, similar to Bonaquist and
Witzack (1997), is proposed to calculate p' e at different N.
 '

1
'
'
 pmax − pmin
pe' = pmin
+ 1 −
(
)
ln
10
N
+



(

)

(6.51)

In Equation 6.51, 10 is added to N to keep the positive multiplier for the term (p' max p' min ) because p' e can’t be less than p' min .
The parameter α 2 represents the influence of stress ratio on subsequent cycles of
loading and is given by:

α2 = 1−

η*

(6.52)

M
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The parameter α 3 takes care of the effect of number of cycles and is defined as:

α3 =

1
N 2/3

(6.53)

Figure 6.14 Variation of p' e at various f with N (after Indraratna et al. 2011)
The parameter α 3 is a function of N and is not a direct soil parameter. Strictly
speaking, the influence of repeated cycles of loading should be reflected through
internal soil variables. However, to avoid excessive complexity in the formulation of
the ballast model and to reflect the trends observed in cyclic loading experiments, α 3
is introduced in the model formulation. As also suggested by Liu and Carter (2000),
this can be regarded as an expedient and pragmatic approach to dealing with the
problem of modelling the response of granular medium to repeated applications of
loading. After knowing the incremental plastic deviatoric strain, Equation 6.47 can
be used to calculate the incremental plastic volumetric strain for subsequent loading
cycles. Total incremental shear and volumetric strains can be computed from
Equations 6.27 and 6.28.

6. 7

Numerical Procedure

The numerical implementation of the current model has been carried out to predict
ε a , ε v , and BBI at various f and σ' 3 with N for latite ballast, commonly used by
railway authority in New South Wales, Australia. A stress-controlled cyclic loading
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(Figure 6.15) is applied to solve the differential Equations 6.21, 6.29-6.30, and 6.466.47, numerically. For a small increment of δp', the numerical values of ε ve , ε se , ε sp ,

ε vp , and BBI are given by:

(ε )

 dε e 
= ε ve n +  v'  δp '
 dp  n

(ε )

= ε se

(ε )

= ε sp

e
v n+1

e
s n +1

p
s n +1

( )

ε vp n +1

( )

(6.54)

( )

 dε se 


+
n
 dq  δq

n

(6.55)

 dε sp

+
n
 dη

(6.56)

( )

=

( )

ε vp n


 δη
n

 dε vp
+  p
 dε s



 δε sp

n


(BBI )n+1 = (BBI )n +  dBBIp 

 dε s  n

(6.57)

δε sp

(6.58)

Figure 6.15 Typical cyclic loading curve used for model simulation (adopted from
Indraratna et al. 2010)

The derivatives of

dBBI
dε ve dε se dε sp dε vp
,
,
,
, and
'
p
dq
dη dε s
dp
dε sp

could be calculated using

Equations 6.29, 6.30, 6.46, 6.47, and 6.21 respectively. Equation 6.48 has been used
to calculate

dε sp
for subsequent loading cycles.
dη
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6. 8

Evaluation of Model Parameters

The current model employs nine parameters which can be evaluated by conducting
both static and cyclic drained triaxial tests with the measurement of particle breakage
(BBI). The critical state parameters (M, λ cs , Г, and κ) can be evaluated from the
drained triaxial compression tests at various σ' 3 , and plotting the data in the p'-q and
e-lnp' planes (Schofield and Wroth 1968). The Poisson’s ratio (ν) can be determined
as ratio of lateral strain to axial strain. Drained cyclic triaxial tests need to be carried
out at various f and σ' 3 with the measurement of BBI at specific N to determine the
parameters β, χ and μ. Table 6.1 lists the details of the cyclic triaxial tests that have
been used to determine parameters β, χ and μ.
Table 6.1 Test data used for the evaluation of model parameters
σ' 3 (kPa)

60

σ d (kPa) (Esveld 2001)

f (Hz)

374

10

428

20

482

30

536

40

500

20

Data Source

Indraratna et al. (2010)

30
60
120

Lackenby (2006) & Lackenby et al.
(2007)

240

The value of β can be determined from the slope of the plot of the rate of energy
consumption due to particle breakage (dE b /dε 1 ) versus the rate of particle breakage
(dBBI/dε 1 ) as shown in Figure 6.11. The value of dE b /dε 1 can be back calculated at
various N values by substituting the known triaxial data of p' and q, rate of dilation
(dε v /dε 1 ), and the friction angle of aggregate (φf ) into Equation 6.18. The magnitude
of dBBI/dε 1 at various N values can then be computed from the plot of BBI and N
(Figure 6.10), and ε a versus N (Figure 6.9). The parameters χ and μ can be evaluated

(

)

'
'
by plotting the rate of particle breakage in terms of ln pmax
dBBI / dε sp versus
/ pmin

N (Figure 6.12) and determining the value of the intercept and slope of the linear best
fit line. The parameter α has been used in this model to match the initial stiffness of
the model predictions with the experimental results. It can be evaluated by a least-
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square analysis or a trial and error process comparing the model predictions and set
of experimental data as suggested by Salim and Indraratna (2004).

6. 9

Model Calibration

To calibrate the model quantitatively, the numerical model predictions were
compared with the laboratory experimental results conducted by the Author at
various values of f (Indraratna et al. 2010) as well as by using the test results reported
by Lackenby (2006) and Lackenby et al. (2007) for different σ' 3 . For crushed fresh
ballast, the following parameters were used: M = 1.9, λ cs = 0.188, Г = 1.83, κ =
0.007, α = 6.5; β = 47.982, χ = 0.3429, μ = 0.0117 and ν = 0.3. Minimum cyclic
deviatoric stress (q min ) of 45 kPa was used and the cyclic deviatoric stress (q cyc ) was
calculated for corresponding f in accordance with Esveld (2001) for 30 tonne axle
loading (Appendix A).
Figures 6.16a & b show the ε a and ε v predictions at σ' 3 = 60 kPa for various f and N
values respectively employing the current model. Figure 6.16c shows the BBI
prediction after 10,000 cycles. Experimental results of ε a , ε v and BBI have been
compared with the model predictions, and the comparison is found to be excellent.
Also, the test data from Lackenby et al. (2007) and Lackenby (2006) have been
compared with the model predictions (Figures 6.16d, e, f) and they were also found
to be in good agreement.

6. 10 Model Validations and Predictions
Figures 6.17a and b compares the cyclic triaxial test results from literatures and
current investigation. Axial and volumetric strain data were taken from Anderson
and Fair (2008) and Aursudkij et al. (2009). Test conditions are shown in Figure
6.17. Because of the equipment limitations, Anderson and Fair (2008) and Aursudkij
et al. (2009) conducted triaxial tests at very low frequencies (0.5 Hz and 3 Hz). As a
result, the ballast sample achieved much less densification (i.e. ε a < 2% and ε v <
1%). Using the parameters determined in this study, model predictions were done
which are in good agreement as illustrated in Figures 6.17a and b. Furthermore,
model results for σ' 3 = 120 kPa, and f = 10 & 40 Hz were also compared with new
experimental data from this study and were found encouraging (Figures 6.17a & b).
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Figure 6.16 Model Prediction Compared with Experimental Results: (a) ε a , (b) ε v , (c)
BBI at Various f and (d) ε a , (e) ε v , (f) BBI at Various σ 3' (after Indraratna
et al. 2011)
Some predicted results (ε a , ε r , BBI, and e) at σ' 3 = 10 kPa and 240 kPa have been
shown in Figures 6.18 & 6.19 for various values of f with N. The results show that
very high values of ε a and ε r have been observed at low σ' 3 (Figures 6.18a & c) and
that these strains increase with increasing f and N. Moreover, BBI also increases with
the increasing f and N (Figure 6.19a). However, the increase in void ratio with
increasing N and f (Figure 6.19c) clearly shows that ballast dilates at very low σ' 3 and
that the dilation is even more pronounced at high frequencies (e.g. f ≥ 30 Hz). The
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dilation behaviour at low σ' 3 is in agreement with that observed in the laboratory by
Lackenby et al. (2007) and is mainly attributed to increase in η above M. At σ' 3 =
240 kPa, ε a , ε r , and BBI are smaller (Figures 6.18b, d & 6.19b) when compared to
those at 10 kPa (Figures 6.18a, c & 6.19a). Also, the void ratio, e, at σ' 3 = 240 kPa
decrease with increase in f and N (Figure 6.19d) which shows that densification of
ballast increases with increase in f at higher σ' 3 .

(a)

(b)
Figure 6.17 Model validations: (a) Axial Strain, (b) Volumetric Strain (after
Indraratna et al. 2011)
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Figure 6.18 Model Predictions for ε a , and ε r with N at σ' 3 = 10 & 240 kPa (after
Indraratna et al. 2011)

Figure 6.19 Model Predictions for BBI, and e with N at σ' 3 = 10 and 240 kPa (after
Indraratna et al. 2011)
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6. 11 Chapter Summary
Chapter 6 summarized a cyclic stress-strain response of a typical strain hardening
material behaviour under cyclic loading. Werkmeister et al. (2001) described the
behaviour of unbound granular material as purely elastic, elastic shakedown, plastic
shakedown, and ratcheting. Some aspects of constitutive modelling of hardening
material were also described. Incremental theory of plasticity requires three basic
assumptions: existence of a yield and loading surface, formulation of hardening rule,
and flow rule to relate stress-strain behaviour of the material. Some historical
developments of constitutive models such as multi-surface model, bounding surface
model, DSC model were described briefly.

Before introducing a cyclic densification model, some background of ballast
modelling and behaviour of ballast under cyclic triaxial loading were presented. The
constitutive model proposed within this thesis has been formulated by observing
ballast behaviour in the laboratory and published data. The concept introduced for
modelling cyclic behaviour is simplified which is an extension of a monotonic
loading model is proposed earlier by Salim and Indraratna (2004). In the proposed
model, the plastic flow rule has been modified to consider particle breakage.
Deformation under the first cycle of loading has been considered as virgin loading,
and the deformation under subsequent loading cycles has then been considered as a
function of the first loading cycle. The effect of stress history has been taken into
account by the introduction of an elastic surface. Parameters for the model were
determined from the cyclic triaxial test results. Predicted results have been compared
with experimental data. Also, the model has been validated against published data
and experimental results.

The study showed that for a particular confining pressure, the axial and volumetric
strains increase with both the frequency and number of cycles. However, for a
particular frequency, the axial strains decrease with the increasing confining
pressures. Also, dilation occurs at low confining pressure (< 30 kPa) while
compression occurs at higher confining pressures. The breakage of ballast increases
with an increase in frequency. However, there exists a range of frequency where the
ballast densification continues without any significant increase in the extent of
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breakage. In addition, there exists an optimum confining pressure range within which
ballast breakage is minimal. Given the acceptable agreement between the model
predictions and the laboratory results, the proposed model is considered reliable to
estimate the deformation and degradation of ballast under cyclic loading for a range
of confining pressures and frequencies.
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7 CONCLUSIONS AND RECOMMENDATIONS
7. 1

Introduction

This chapter presents the major findings of this research and its practical
implications, followed by recommendations for future research. This research
considered the influence that frequency may have on the behaviour of ballast on the
basis of experimental and numerical studies. Laboratory experiments were carried
out at various frequencies and confining pressures to observe the densification and
degradation behaviour of ballast. DEM modelling using PFC2D was also undertaken
to understand the importance of particle breakage in predicting the densification of
ballast, while exploring the breakage mechanisms at the particulate level. In addition,
a cyclic densification model was proposed and it was validated using experimental
results obtained from the published literature for a variety of stress conditions.

7. 2

Major Conclusions

7.2.1

Experimental Observations

The deformation and degradation behaviour of fresh ballast was investigated under
cyclic loading using large scale cyclic triaxial tests at various frequencies (train
speeds) and varying confining pressures. The effect of frequency i.e. speed in
increasing load on the ballast was considered by increasing deviatoric stress
corresponding to the respective frequency in the cyclic triaxial testing. All these tests
were conducted without rest periods as rest periods has no significant influence on
ballast behaviour as shown in Figure 3.7 in Chapter 3. Based on the cyclic triaxial
tests conducted in this study, the important findings of this research are summarised
below:
 Frequency of cyclic loading has a significant influence on the permanent
deformation and degradation of ballast particles. The magnitudes of axial and
volumetric strains of the ballast were found to increase with the frequency
and number of cycles. A relationship between ε a , f, and N was proposed as
follows:
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ε ar = a +

b
c
+ 2
0.5
N
N

(7.1)

ε a1 = a1 + b1 f

(7.2)

where a, b, c, a 1 , and b 1 are empirical material constants.
 Ballast degradation behaviour was studied using the Ballast Breakage Index
(BBI) introduced by Indraratna et al. (2005). BBI was found to be increasing
with the frequency and number of loading cycles. However, there exists a
frequency range (20 Hz≤ f ≤ 30 Hz) within which cyclic densification was
observed without significant ballast breakage. Much of the breakage was
observed during the initial 1000 cycles of loading.
 Particle size vulnerability for degradation was examined through distinct
colouring of ballast particles of various fractions. It was found that large size
particles were more vulnerable to breakage. In addition, breakage of all
particle sizes increased with an increase in frequency.
 The examination of colour-coded particles revealed that the corner breakage
and abrasion are the dominant breakage mechanisms under cyclic loading.
 Resilient modulus was found to increase with an increase in confining
pressure and the number of cycles, but to decrease with an increase in
frequency.
 The results confirmed that a minimum lateral confining pressure should be
provided for operating high speed trains (f > 20 Hz) in order to maintain the
track within permissible deformation limits.
 A relationship between the final axial strain and the resilient modulus was
determined which was found to be independent of both frequency and
confining pressure. This is considered useful and convenient for practising
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engineers to estimate the final settlement of ballast knowing the resilient
modulus.
 An empirical method for calculating the minimum lateral confinement for the
desired level of permanent deformation at various frequencies (train speeds)
was proposed and illustrated.
7.2.2

Discrete Element Modelling

Micromechanical analysis (e.g. contact force and displacement vectors etc.) is hard
to conduct from laboratory experiments. Therefore, discrete element modelling
(DEM) was employed to study the micromechanics-based ballast breakage and the
associated implications on cyclic densification. The following section summarises
the outcomes of this DEM study.
 PFC2D models particles as a cylinder of unit thickness. Consequently, it
could not model particles as realistic as 3-D discrete element model.
However, it has been endeavoured to model irregular particles using a novel
approach that can model two-dimensional projections of the angular ballast
particles of three different shapes, (rectangular, circular and triangular).
These different size particles were selected based on the ranges of ballast
particles present. It is found that the selected particles captured the ballast
behaviour effectively.
 A subroutine was developed in FISH (programming language for PFC2D) to
apply the real-time cyclic loading from which both the amplitude and
frequency of loading could be given as input. This subroutine can apply
cyclic loading similar to that used in the laboratory using the cyclic triaxial
equipment.
 Cyclic tests were simulated using both breakable and unbreakable particles.
The cyclic densification obtained with and without particle breakage revealed
that the breakable particles exhibit densification behaviour similar to that
observed in the laboratory while the unbreakable particles typically
underestimate the potential densification.
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 The DEM-based micro-mechanical investigation showed that most particles
break during the initial cycles, generating higher initial axial strains. This
behaviour is similar to that observed in the laboratory tests.
 Particle breakage plays a very important role in controlling the development
of contact force (CF) chains in the granular mass during cyclic loading.
Development of CF chains is a dynamic phenomenon, which shifts towards
the particles having good contact. During the loading process, when particles
break, the CF initially becomes weak, however, as these particles densify, the
development of a strong CF chain can be observed.
 DEM analysis shows that the bonds between the particles break mainly due to
tensile failure, resulting in corner breakage and splitting of the particles, and
this generally occurs in the direction of particle movement.
 Observation of the displacement vectors of breakable and unbreakable
particles showed that the unbreakable particles move mainly in the principal
stress direction, while the tendency of movement of breakable particles is
towards a minor stress direction, which is similar to bulging observed during
laboratory triaxial testing.
 A series of cyclic tests were simulated at various frequencies and confining
pressures and these results were then compared with the laboratory data
obtained by this study and with the published data. The results of this study
were found to be in acceptable agreement with most of the available test data.
7.2.3

Cyclic Densification Model

Salient features of the cyclic densification model presented in this research are:
 The cyclic densification model proposed here captures ballast breakage and is
an extension of the monotonic loading model proposed by Salim and
Indraratna (2004).
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 The flow rule in the existing model has been modified to capture particle
breakage under cyclic loading. Deformation under the first cycle of loading
has been considered as a virgin loading condition. The deformation under
subsequent loading cycles can be considered as a function of the first loading
cycle.
 The effect of stress history has been taken into account by introducing an
elastic surface. The elastic surface was allowed to move with the cyclic
loading. A set of model parameters determined by triaxial tests have been
introduced to model the effect of stress history, stress ratio, number of cycles
and breakage.
 The model can predict axial strain, volumetric strain, void ratio and breakage.
The predicted results show that lower confining pressures (σ' 3 < 30 kPa)
result in dilation, while higher confining pressures (σ' 3 >30 kPa) lead to
compression. This behaviour is similar to that reported by Lackenby et al.
(2007). In addition, the model shows that the cyclic densification increases
with frequency (train speed). These predictions are in agreement with the
laboratory results reported by Indraratna et al. (2010).
 Predicted results have been compared with the experimental data and the
model has been validated with sets of published data and further experiments
conducted in this study. The proposed model can be reliably used to estimate
the deformation and the degradation of ballast under cyclic loading for a
range of confining pressures and frequencies.

7. 3

Practical Implications

This research has identified various important aspects of practical applications. Some
of these are highlighted below for the benefit of the railway industry.
 The confining pressure in the current tracks is mostly in the range of 10 to 20
kPa, which needs to be increased for higher train speeds (>100 km/hr) to keep
the track deformation level to given limits. Methods of increasing confining
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pressure in railway track have been discussed by Lackenby et al. (2007), such
as preventing lateral ballast flow using containing sheets at the shoulders or
geosynthetics at the ballast/capping interface, redesigning the sleeper shape to
reduce ballast flow (winged precast concrete sleepers), etc.
 An empirical method (Equations 4.5 and 4.6) for calculating the required
confining pressure and resilient modulus for a given level of track
deformations has been suggested in Chapter 4 (Figures 4.16 and 4.17). It
would be beneficial for practising engineers to use those relationships for
track design and record the actual performance of the tracks to validate the
results presented in this thesis.
 The cyclic densification model developed in this research can be used to
estimate densification of ballast layer for various train speeds and confining
pressures.

7. 4

Limitations and Recommendations for Future Research

The investigation carried out in this research has revealed several new aspects of
ballast behaviour that need to be studied in more detail. The following aspects in
particular are recommended for future research on the behaviour of ballast.
 Only one type of ballast (i.e. latite basalt) was tested, which is the most
commonly used ballast in New South Wales. More tests should be conducted
on other types of fresh and recycled ballast to confirm the observations made
for latite ballast in this study.
 The experimental program was also limited to only one type of particle size
distribution (PSD) and only one initial ballast density (void ratio). Further
investigations are required to examine the effect of PSD and initial density on
the ballast behaviour under various frequencies (i.e. train speeds).
 The ballast contact pressures for various frequencies (train speeds) were
calculated based on an existing empirical relationship which may not always
give the same accurate contact pressures for all types of field conditions.
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Therefore, it is recommended that an analytically sound relationship be
developed to compute the dynamic load imparted by the movement of the
train at various speeds in all type of field situations.
 All the experiments were conducted in a drained condition, considering
ballast as a free draining material; however, some situations, such as
excessive fouling, could exist where drainage may be impeded. Hence, excess
pore water pressure can build up within the fouled materials under cyclic
loads. Therefore, undrained cyclic triaxial tests should be conducted to
investigate the ballast behaviour under undrained condition.
 PFC2D was employed to simulate ballast behaviour. This two-dimensional
programme simulates the particles as cylinders of a unit thickness. As ballast
particles are truly three-dimensional, DEM modelling of ballast using PFC3D
(Particle Flow Code in 3-D) is recommended for more realistic behaviour to
be simulated.
 The modelled ballast particles were chosen manually for preparing the
sample for DEM simulations. Only one sample was prepared and used in this
research. A method should be developed to fill the assembly with these
particles at various PSDs, and initial porosities to investigate the effect of
PSD and initial density on ballast behaviour numerically.
 The number of cycles applied for DEM modelling was limited to 1000 cycles
in this research. It is recommended to simulate cyclic loading for a larger
number of cycles to investigate the shakedown behaviour of ballast. Applying
a larger number of cycles is possible in future as the computational power of
computers is increasing day by day.
 The cyclic densification model presented here is semi-empirical in nature and
requires nine parameters to be determined from the laboratory tests. A
simplified version of the model is required based on a number of parameters
that can be used as input without redoing the tests.
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 The model presented here is limited to drained condition and stress path q =
3p. The model could be extended to undrained condition and stress paths
other than q = 3p. In addition, it would be advantageous to extend the model
for subballast and subgrade layer.
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APPENDIX A: SLEEPER BALLAST CONTACT
PRESSURE CALCULATION

Table A-1 shows the procedure to calculate ballast contact pressure for various train
speed based on Edveld (2001).

Table A-1 Ballast Contact Pressure Calculation.
Axle load (ton)

30

l (m)

b (m)

th (m)

Q (kN)

147.2

2.51

0.26

0.115

a (cm)

61

A (cm2)

2175.3333

Axle Spacing (m)
E (kN/cm2)

20700
3

C (kN/cm )

I (cm4)

L (cm)

79.3194

σ mean (kPa)

260.1089

t

V (km/h)

f (Hz)

φ

σ max (kPa)

73

10

1.09

374

145

20

1.61

428

218

30

2.13

482

291

40

2.65

536

2010

0.1179
2

s

where,
Q = Effective wheel load (kN)
a = Sleeper spacing (cm)
A = Contact area between sleeper and ballast bed for half sleeper (cm2)
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2.02

0.2φ

L = Characteristic length (cm)
σ mean = Mean value of compressive stress exerted on the ballast bed (kPa)
σ max = Maximum compressive stress exerted on the ballast bed (kPa)
E = Modulus of elasticity of steel rail (kN/cm2)
I = Moment of inertia of steel rail (cm4)
V = Train velocity (km/h)
f = Equivalent frequency for train speed (Hz)

φ = Velocity factor
l = Length of sleeper (m)
b = Breadth of sleeper (m)
th = Thickness of sleeper (m)
C = Foundation modulus (kN/cm3)
t = Increment factor
s = Variation coefficients (0.1φ for very good tracks & 0.3φ for moderate tracks)

More details of this method can be found in Chapter 2 of this thesis.
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APPENDIX B: DERIVATION TECHNIQUE FOR
PARTIAL DERIVATIVES OF G (P',Q)

Recalling the differential equation from Equation 6.34

(

)

dq 9 Mp ' − q + A(χ + µ ln ( N ))
+
=0
(9 + 3M ) p ' − 2qM
dp '

B1

Equation B1 can be written as:

(

)

dq
+ f q, p ' = 0
'
dp

B2

The solution for Equation B2 can be given by:

( )

q = h p'

B3

Therefore, the potential g is given by:

(

)

( )

g p' , q = q − h p'

B4

Hence, partial derivative of g (p', q) with respect to p' and q can be written as:
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( )

∂g
dh p '
=−
∂p '
dp '

B5

∂g
=1
∂q

B6

Also, from Equation B3

( )

dq dh p '
=
dp '
dp '

B7

From Equations B2 and B7

( )

(

dh p '
= − f q, p '
'
dp

)

B8

Now substituting Equation B8 into Equation B5

(

∂g
= f q, p '
∂p '

)

B9
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